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Abstract. This paper is concerned with basic geometric properties of the phase space 
of a classical general relativistic particle, regarded as the 1st jet space of motions, i.e. 
as the 1st jet space of timelike 1-dimcnsional submanifolds of spacctime. This setting 
allows us to skip constraints. 

Our main goal is to determine the geometric conditions by which the Lorcntz metric 
and a connection of the phase space yield contact and Jacobi structures. In particular, 
we specialise these conditions to the cases when the connection of the phase space is 
Q^l generated by the metric and an additional tensor. Indeed, the case generated by the 

metric and the electromagnetic field is included, as well. 
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1. Introduction 

Usually the classical phase space of general relativity is defined to be the subspace of the 
tangent bundle of spacetime consisting of future oriented timelike vectors. In this phase 
space we can achieve the standard symplectic formalism for general relativistic analytical 
mechanics. However, only time normalised vectors have physical meaning, hence one is 
forced to introduce the corresponding constraint with all associated odd consequences. 

On the other hand, there is another possible approach to the phase space, by defining it 
as the 1st jet space of motions regarded as timelike 1-dimensional sub manifolds of space- 
time. This viewpoint deals with the essential projective nature of the general relativistic 
phase space and allows us to skip constraints. 

The present paper is aimed at analysing a few basic properties of the phase space 
according to the 2nd approach. Clearly, the most natural goal is to study the contact and 
Jacobi structures induced by the Lorentz metric. On the other hand, we could show that 
the electromagnetic field yields additional terms to the purely metric geometric objects 
of the phase space. Indeed, the analytical mechanics for a general relativistic particle 
effected by the electromagnetic fields is to be formulated with these extended geometric 
objects. 

For this reason, in the present paper, we determine the conditions by which the geo- 
metric objects induced on the phase space by a general phase connection yield contact 
and Jacobi structures. Of course, we consider the purely metric framework as particular 
case. 
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Actually, the literature on jets of submanifolds is less popular and more sophisticated 
than that on jets of fibred manifolds. So, here we sketch a few essential notions on jets of 
submanifolds in order to make the paper self consistent. 

We shall be concerned with several geometric structures on the tangent space and on 
the phase space of spacetime. Some of these structures are well known and some are less 
standard. Thus, we recall some definitions and introduce new objects, as well. Indeed, 
the new objects are suitable to capture the non easy objects arising on the phase space. 

Throughout the paper, all manifolds and maps will be smooth. If M and N are 
manifolds, then the sheaf of local maps M — >■ iV is denoted by map(7Vf, N) \\ip : F ^ B 
is a fibred manifold, then the sheaf of local sections B ^ F is denoted by sec{B, F) ; if 
p' : F' ^ B' is another fibred manifold, then the sheaf of local fibered maps F ^ F' is 
denoted by fib(F, F') . 

Let M be an m-dimensional manifold. 

If f2 is a 2-form and A a 2-vector, then we define the "musical" morphisms 

fi^sec(M,TM) ^sec{M,T*M) -.X ^ix^, 
A« : sec(M,T*M) ^ sec(M,rM) :a^i«A. 

Let M be a 2n-dimensional manifold. 

We recall that a symplectic structure [TTl pag. 90] is defined by a 2-form Q such that 

dn = 0, 1]" ^ , 
and that a Poisson structure [HI pag. 107] is defined by a 2-vector A such that 

[A,A] = 0, 

where [,] denotes the Schouten bracket. Moreover, if A" ^ , then we say that the 
Poisson structure is regular. 

The musical morphism of a symplectic structure turns out to be an isomorphism. 
If a Poisson structure is regular, then the musical morphism A^ turns out to be an iso- 
morphism. We say that a symplectic structure and a Poisson structure are mutually dual 
if 

Indeed, if is a symplectic 2-form and A the 2-vector given by A^ = , then A 

defines a regular Poisson structure. 

Let M be a {2n + l)-dimensional manifold. 

We define a covariant pair to be a pair [uj, Q) consisting of a 1-form u and a 2-form Q 
of constant rank 2r , with < r < n , such that u AQ^ ^ , and a contravariant pair to 
be a pair {E, A) consisting of a vector field E and a 2-vector A of constant rank 2s , with 
< s < n , such that E A A'^ ^ . Thus, by definition, we have ^ , = and 

A'' ^ , A^+^ = . 

We say that the pairs {uj,Q) and {E,A) are regular if, respectively. 



uAQ^'^O and EA A" ^ 
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We recall that a cosymplectic structure [1] is defined by a covariant pair [u, Q) such 
that 

duj = 0, dn = 0, uAn^'^O, 
and a contact structure [8] is defined by a covariant pair {u, Q) such that 

n = duj, A fi" ^ . 

Equivalently, we can define a contact structure [HI pag. 285] as a 1-form uj such that 

w A (rfcu)" ^ . 

More generally, we define an almost- cosymplectic- contact structure [8] by a covariant 
pair (u;, VL) such that 

rffi = , A fi" ^ . 

Thus, an almost-cosymplectic-contact structure becomes a cosymplectic structure when 
duj = Q and a contact structure when VL = duo . 

We recall that a Jacobi structure [HI pag. 337] is defined by a contravariant pair {E, A) 
such that 

[E, A] = , [A, A] = -2E A A . 

In the particular case when E = , we obtain [A, A] = and the corresponding structure, 
given by {E,A) = (0, A) , is a Poisson structure. 

Further, a coPoisson structure [Sj is defined by a contravariant pair (E', A) such that 

(1.1) [i?,A] = 0, [A,A]=0. 

More generally, we define [8] an almost-coPoisson-Jacobi structure by a contravariant 
pair A) , along with a 1-form u , called fundamental 1-form, such that 

[E,A] = AA«(Lscj), [A,A] = 2EA ((A« ® A«)(rfcj)) . 

The covariant pair (u;, Q) and the contravariant pair {E, A) are said to be mutually dual 
if they are regular, the maps ■ imA" imf2^ and A^^^^^b : imf2^ —> imA" are 

isomorphisms and 

(^VmAO"' = A^li^t^b , (A«|i^oO"' = ^VmA« , = , l^A = , ZijW = 1 . 

1.1. Theorem. [8] Lei (cj, fi) anc? (-E',A) be mutually dual covariant and contravariant 
pairs. Then, 

(1) {uj,Q) is an almost-cosymplectic-contact structure if and only if{E,A) is an almost- 
coPoisson- Jacobi structure along with the fundamental 1-form uo ; 

(2) (cj, VL) is a cosymplectic structure if and only if {E, A) is a coPoisson structure; 

(3) {u, Q) is a contact structure if and only if {E, A) is a Jacobi structure. □ 

Actually, the geometric structures arising in this paper, in the framework of the Ein- 
stein's phase space, involve mainly the concepts of contact and regular Jacobi structures 
(eventually, of almost-cosymplectic-contact and regular almost-coPoisson-Jacobi struc- 
tures). On the other hand, the analogous geometric structures arising in the framework 
of the Galilei's phase space [7| involve mainly the concepts of cosymplectic and coPoisson 
structures. 
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In order to make our theory explicitly independent from scales, we introduce the "spaces 
of scales" [9] . Roughly speaking, a space of scales S has the algebraic structure of M"*" but 
has no distinguished 'basis'. We can define the tensor product of spaces of scales and the 
tensor product of spaces of scales and vector spaces. We can define rational tensor powers 

S^/n of 

a space of scales S . Moreover, we can make a natural identification §* ~ § . 

The basic objects of our theory (the metric field, the phase 2-form, the phase 2-vector, 
etc.) will be valued into scaled vector bundles, that is into vector bundles multiplied 
tensorially with spaces of scales. In this way, each tensor field carries explicit information 
on its "scale dimension" . 

Actually, we assume the following basic spaces of scales: the space of time intervals 
T , the space of lengths L and the space of masses M . We assume the speed of light 
c G T~-^ ® L and the Planck constant h G T"^ ® ® M as "universal scales". Moreover, 
we will consider a particle of mass m G M and charge q G ® L^''^ ® M^/^ . 

2. Geometry of spacetime 

We start by recalling a few basic properties of the Einstein spacetime and of its tangent 
bundle, |11[5]. 

2.1. Spacetime. We assume spacetime to be an oriented 4-dimensional manifold E 
equipped with a scaled Lorentzian metric g : E ^ h"^ {T*E ® T*E) , with signature 
( — h ++) ; we suppose spacetime to be time oriented. The dual metric will be denoted by 
g : E ^ ® {TE ® TE) . Actually, our results are essentially valid for any dimension 
n > 3 and a pseudo-Riemannian metric of signature (1, — 1) . 

A spacetime chart is defined to be an ordered chart G map(-E, M x M'^) of E , 

which fits the orientation of spacetime and such that the vector field do is timelike and 
time oriented and the vector fields 81,82, 83 are spacelike. In the following, we shall always 
refer to spacetime charts. Greek indices \, fi, . . . will span spacetime coordinates, while 
Latin indices i,j, . . . will span spacelike coordinates. We have the coordinate expressions 

9 = 9Xf,d^ d'' , with gx^ e ma.p{E, (S)R) , 

g = g^i' 8x^8^, with g^f" G ma-p{E, O M) . 

The fact that the metric g is a. scaled tensor implies that the induced objects of the 
phase space turn out to be scaled. In order to obtain unsealed objects of the phase space 
we could replace g with the rescaled Lorentz metric G =: ^ g : E —>■ T<^{T*E(^T*E) . We 
leave to the reader the possible task to perform explicitly this easy rescaling throughout 
the paper. 

2.2. Spacetime connections. Let us sketch the notion of general connection of the 
phase space and related objects. This generality is intended as a preparation for the 
notion of general connection of the phase space (which is not a vector bundle, hence it 
does not carry the usual elementary definition of connection) and later in order to allow 
general theorems concerning geometric structures of the phase space. 

We define a spacetime connection to be a connection of the bundle TE E . 
A spacetime connection can be expressed, equivalently, by a tangent valued form 
K : TE ^ T*E ® TTE , which is projectable over 1 . E ^ T*E ®TE, or by the 
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complementary vertical valued form v[K] : TE T*TE (g) VTE . Their coordinate 
expressions are of the type 

K = d^®{dx + Kx'' d^) , v[K] = {<t - Kx" d^) ® , with Kx"" e map(T£;, M) , 

where (9a, dx) and [d^ ^ d^) are the induced bases of local sections of TTE TE and 
T*TE TE , respectively. 

Let us consider a spacetime connection K . 

The connection K is said to be linear if it is a linear fibred morphism over 1 : E ^ 
T*E® TE . Thus, the connection K is linear if and only if its coordinate expression is of 
the type 

Kx" = Kx\ , with Kx% e map(S, M) . 

The torsion of K is defined to be the vertical valued 2-form 

T = T[K] =: 2 [v, K]:TE^ A'^T*E O VTE , 

where [ , ] is the Frolicher-Nijenhuis bracket and v : TE T*E ® VTE is the natural 
vertical valued 1-form with coordinate expression v = d^ ^ dx ■ We have the coordinate 
expression 

T = Txf," rf^ A # ® 9^ = -2 df.Kx" d^Adf'^d^. 

In the linear case, T can be regarded as the section T : E ^ h?T*E ® TE given, 
for each vector fields X and Y , by T(X, Y) = VxY — VyX — [X, Y] and its coordinate 
expression turns out to be given by the usual formula 

T = -{Kx\-K/x)d^Ad^'^d,. 

Thus, the connection K is linear and torsion free if and only if its coordinate expression 
is given by Kx' = Kx\ , with Kx\ = e map{E, R) . 
The curvature of K is defined to be the vertical valued 2-form 

R = R[K] =: -[K, K] : TE X^T*E ® VTE , 

where [,] is the Frolicher-Nijenhuis bracket. We have the coordinate expression 

R = Rx^," rf^ A d^" ®d, = -2 {dxK^" + Kx' dpR^"") d^Ad^(^d,. 

In the linear case, R can be regarded as the section R : E A^T*E ® TE ® T*E 
given, for each vector fields X, Y and Z , by R{X, Y, Z) = Vx^yZ — Vy^xZ — V[x,y]Z 
and its coordinate expression turns out to be given by the usual formula 

R = Rx^,\ rf^ A # ® 9, ® rf'^ = -2 {dxK^\ + Kx^. K^%) c/^ A # ® 9, ® rf" . 

We denote by K[g] the Levi-Civita connection, i.e. the torsion free linear spacetime 
connection such that Vg = . We have the usual coordinate expression 
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2.3. Differential operators. Let us recall some differential operators associated with 
tangent valued forms and apply them to a spacetime connection, its curvature and the 
metric. 

A spacetime connection K and its curvature -R, regarded as tangent valued forms of 
TE, yield [I0| Lie derivatives of forms of TE. Namely, if (/> G sec{TE, A''T*TE) , then 
we define Lk ^ e sec{TE, A'"+^T*TE) and Lr^E sec{TE, A''+^T*TE) as 

(2.1) Lk4>='- [iKd — diK)(p and LrcJ) =: {i^d + (Hr} (p . 

In the particular case when is horizontal, i.e. G G.h(TE,A^T*E) , we have the 
coordinate expressions 

Lk = (dx, + Kx,^ 0A2...A.+JC?^^ A ... A d^^+' , 

In the further particular case when K (hence also R) and are linear, the above 
expressions become 

LkUJ= {dx, K-Xr+i V + 0A2...A.+1 ^) rf^^ A . . . A ^^'■+1 , 

Lr4> = Rx^x/u t^x^d^^A.-.A d^-+' . 

On the other hand, a linear spacetime connection K yields the covariant exterior dif- 
ferential [To] of cotangent valued forms of E . Namely, if G sec(-E, A^T*E^T*E) , then 
we define (ix0 G sec(£;, A''+^T*E ® T*E) , through the equality 

r+l 

rf;,0(Xi,--- ,X,+i)(r) =^(-1)^+1 Vx,(0(Xi,-- - ,X,H_i))(F) 

i=l 

+ ^(-ir+^0([x„x,],Xi,...,x„...,x,-,...,x,+i)(r), 

for each vector fields Xi, ■ ■ ■ , X^+i, Y oi E , the vector fields Xj being omitted. 
We have the coordinate expression 

dK(p = (r + 1) {dx, 0A2...A.+1 . + Kx.'^u K-Xr+i d^' A . . . A d^^+' ® d" . 

Thus, we can compare the Lie derivative and the covariant exterior differential, by 
considering any cotangent valued r-form of -E as a linear horizontal r-form of TE . 
Indeed, the following result holds. 

2.1. Lemma. |4] Let K be a spacetime connection and a linear horizontal r-form of 
TE . Then, the Lie derivative Lk is a linear horizontal (r + l)-form of TE if and only 
if K is linear. Moreover, in such a case, we have 

Lk<P = dK<P ■ □ 

r + l 

2.2. Note. We can apply dx and Lk to the scaled metric g as follows. 

We can regard g as an (L^ ® T*i^)-valued 1-form of E . Then, if K is linear, we obtain 
the covariant exterior differential dxg , which is an (L^ ® T*£^)-valued 2-form given by 

(2.2) {dKg){X,Y){Z) = {Vx{Y')-Vy{X')-{[X,Yf)){Z) 
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= {Vxg){Y, Z) - {Vy9){X, Z) + g{T{X, Y) , Z) , 

for each vector fields X,Y, Z , where : TE — ® T*E denotes the musical map. We 
have the coordinate expression 

dKg = 2 iy^g^, - g,, K^\) (d^ A ® 

= 2 (dxg^p + g.,, K^%) (d^ A d^) ® rf" . 

On the other hand, we can regard the musical map g^ as a scaled linear horizontal 

1- form (the metric Liouville l-form) ofTE , with coordinate expression g^ = gx^x^ d'^ . 
Then, we obtain the Lie derivative L^g^ , which is a scaled horizontal 2-form of TE , with 
coordinate expression 

Lk 9^ = (dxgp^ x" + gp^ Kx') d^ A d'' , 

hence, if K is linear, 

Lk = {dxgp^. + gap Kx%) x" d^Adr 
Thus, if K is linear, we have 

LKg^ = -dKg. □ 

2.4. Spacetime 2— forms and 2— vectors. Let us analyse the spacetime 2-form and 

2- vector generated by the metric and a spacetime connection. 

Let us consider a spacetime connection K and the natural vertical valued 1-form v : 
TE T*E ® VTE , with coordinate expression v = d^ ® dx ■ 

We define the spacetime 2-form and the spacetime 2-vector of TE associated with g 
and K to be, respectively, the sections [2], [31 H] 

T = T[^, K] =: g j(z/[K] Av) -.TE A^T*TE , 

E = E[g, K] =: g j{K A v) : TE L^^ ® A'^TTE , 

with coordinate expressions 

T = gxp {d^ - d-) A d^^ and S = (7^^ {dx + Kx" d,) A dp , 

and, if K is linear, 

T = gxp {d^ - K/p xP d") A # and E = g^^ {dx + Kx% x'' d,) A dp . 

The scaled 2-form and the scaled 2-vector 

r/=:TATATAT:Ti;^L^ ® A^T*TE 

r/ =: S A S A S A S : Ti; ® k^TTE 

turn out to be a scaled volume form and a scaled volume vector, with coordinate expres- 
sions 

7/ = 4! 1^1 d"^ Ad^ Ad^ Ad^ Ad^ Ad^ Ad^ A d^ 
■q = 4\ \g\ 4 A 9i A 4 A 4 A 9o A 9i A ^2 A ^3 . 

We have [1] is = —4 and = (T^)"-*^ ; thus, T and S are mutually dual. Here, we 
naturally identify : TTE (g) T*TE with T'' : L'^ TTE T*TE . 
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In view of forthcoming considerations, let us consider a linear spacetime connection 
K , the scaled tangent space TE =: T* ® TE and the natural vertical valued 1-form 
V : TE T*fE ® VTE , with coordinate expression v = dl^d^. 

We observe that K induces naturally a linear connection K on the tensor product 
bundle T* ® TE , via the tensor product of the natural flat linear connection of the trivial 
bundle £^ x T* — > £^ and the linear connection K . Indeed, the connection K can be 
regarded as a tangent valued form K : TE T*E ® TTE , or as the complementary 
vertical valued form z/[A'] : TTE VTE , with coordinate expressions 

k = d^®{dx + Kx\ Xo dl) and u[k] = (< - Kx^, d^) ® . 

We can refrase the previous construction by replacing, respectively, TE , K and v with 
TE , K and V . 

We define the scaled spacetime 2-form and the scaled spacetime 2-vector of TE , asso- 
ciated with g and K , tohe the scaled sections 

T = T[^, i^-] =: ^ J {u[K] Av) -.TE^ (T* O L^) ® A^T*fE , 

E = E[g, k] =: g j{k Ad) -.TE^iJ® L'^) ® A'^TTE , 

with coordinate expressions 

T = gx^ n° ® (4 - K/p d") A d'' and E = g^'' uo ® {dx + Kx% 9°) A 9j . 

We have is T = —4 and = (T^)^-'^ ; thus, T and H are mutually dual. Here, we 
naturally identify : TTE T* (g) ® T*fE with : T (g) L'^ ® TTi; ^ T*Ti; . 

3. Geometric structures of the tangent bundle 

Next, we recall a few results [Ij on symplectic and Poisson structures induced on the 
tangent bundle of spacetime by the metric g and a spacetime connection K , and add 
some new results as well. 

3.1. General spacetime connection case. Let us consider a spacetime connection K , 
its curvature R = R[K] , the spacetime 2-form T = T[g,K] and the spacetime 2-vector 
S = E[g, K] . Let I = dx be the Liouville vector field of TE . 

3.1. Theorem. [5] The following conditions are equivalent: 

(1) LiLxg^ = and LRg^ = 0. (2) rfT = . (3) [S , S] = . □ 

3.2. Corollary. T is a scaled symplectic 2-form and S a scaled Poisson 2-vector if and 
only if L/Lx5'^ = and = 0. □ 

3.3. Corollary. The condition g^ = implies Lj g^ = and L^g'^ = , hence it 
implies that T is a scaled symplectic 2-form and H a scaled Poisson 2-vector. □ 

3.4. Lemma. The 2-form T + Lk g^ is exact and more precisely we have 

T + LKg' = dg'. 



10 



J. JANYSKA, M. MODUGNO 



Hence, we have 

dT = —dLx ■ 

Proof. We have 

T + LKg' = gx, {d' - K,^ d") Ad^+ {d^gp, + g^, K^") d' A d^' 
= dxigp^ d^Ad^ + dxigp^ d^ A d^ 

= d{gp,xPdn = dg'. □ 

3.5. Theorem. The following conditions are equivalent: 

il)LKg' = 0; (2)T = rf(?^ □ 

3.2. Linear spacetime connection case. Let us consider a linear spacetime connection 
K and the induced scaled spacetime 2-form T = T[g,K] and scaled spacetime 2- vector 

3.6. Theorem. [1] The following equalities are equivalent: 

{l)LKg' = Q; {2)dKg = 0; {3)T = dg'; (4) [S , S] = . □ 

3.7. Corollary. T is a scaled symplectic 2-form and S a scaled Poisson 2-vector if and 
only if dxg = = Lk g^ ■ □ 

3.8. Note. If K is torsion free, then Vg is symmetric if and only if dxg = = g^ ■ 
In fact, in virtue of Note 12.21 we have dxg = = Lj^g^ if and only if (Vxg)(X, Z) = 

{VYg){X,Z). □ 

3.9. Theorem. \^ If K is torsion free, then the following conditions are equivalent: 
(1) Vg is symmetric; (2) dT = ; (3) [S , S] = . □ 

3.10. Corollary. Let K be torsion free. Then, T is a scaled symplectic 2-form and S 
a scaled Poisson 2-vector if and only if Vg is symmetric. □ 

3.11. Corollary. If K = K[g] is the Levi-Civita connection, then we obtain the metric 
scaled symplectic 2-form and scaled Poisson 2-vector 

T = T[g] =: T[g, K[g]] and E = E[g] =: E[g, K[g]] , 

respectively. In this case, we have T = dg^ . □ 

3.3. Non-metric spacetime connection case. We have seen that the metric g yields 
naturally the metric scaled symplectic 2-form T = T[g] and the metric scaled Poisson 
2-vector E = E[g] . Now, we discuss the case of "non-metric" connections K yielding a 
scaled spacetime 2-form T =: T[g, K] , which fulfills the equality T = dg^ . 

3.12. Note. The equality 

K = K[g] + $ 

yields a bijection between spacetime connections K and sections $ : TE T*E®VTE , 
with coordinate expression $ = d^ ® d^j, , where G map(T£^, R) . 
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On the other hand, by identifying VTE with TE x e TE , the equahties 

$ =: projg o$ , $ = t;($) and =: , = g^'^{(j)) 

yield bijections between the sections $ : TE ^ T*E ® VTE and the fibred morphisms 
^■.TE ^ T*E ® TE and : ^ ® {T*E ® r*^;) . □ 

Let us consider a spacetime connection K = K[g] + $ = K[g] + 1;(<|>) and the induced 
scaled spacetime 2-form T = T[g, K] . 

3.13. Theorem. The following conditions are equivalent: 

(1) T = dg'^ ; (2) L^g'" = 0; (3) zs symmetric. 

Proof. In virtue of Theorem 13.61 T = dg^ if and only if Lk g^ = , i.e. if and only if 
L$ (yf'' = , i.e., in coordinates, if and only if gxp ^^'^ d^ A d'^ = . Hence, Li^ g^ = if and 
only if is symmetric. □ 

3.14. Example. The connection K = K[g] + v is a "non-metric" non-linear spacetime 
connection yielding the scaled symplectic 2-form T = dg'' . □ 

3.15. Note. It is easy to see that K is linear if and only if $ is linear, i.e. if and only 
if can be identified with a section (p : E ^ IJ^ ^ T*E ® T*E ® T*E which is symmetric 
in the 1st two factors. 

Moreover, if is symmetric in all factors, then K turns out to be torsion free. □ 

3.16. Note. We recall [H] that a linear torsion free connection K is projectively equiva- 
lent to the metric connection K[g] if and only if K and K[g] have the same unparametrized 
geodesies, i.e., in coordinates, if and only if 

Kx% = /i [(7]a% + 51 + ' ^h*^^*^ ^ map(i;, M) . 

It is easy to see that any torsion free linear spacetime connection K projectively equiv- 
alent to K[g] is such that T = dg^ and it is associated with a symmetric (0,3)-tensor field 
of the type (p = g Q ip , for a certain spacetime 1-form . 

But not all torsion free linear spacetime connections K such that T = dg^ are projec- 
tively equivalent to K[g] . Hence, the condition dxg = is more general than the condition 
for connections projectively equivalent to K[g] ■ □ 

3.17. Note. Let K and K' be two spacetime connections and consider the difference 
tensor ^ =. K — K' : TE -^T*E® VTE . Then, the following conditions are equivalent: 

1) T[g,K] = T[g,K'], 

2) Z[g,K]=Z[g,K'], 

3) =: is symmetric. 

Thus, the relation T[(7, K] = T[g, K'] , or equivalently, the relation K] = K'] , 
defines an equivalence relation on the space of spacetime connections. □ 

We are mainly interested in the spacetime connections which are equivalent to K[g] , 
because they yield an exact spacetime 2-form T . 
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4. Geometry of the Einstein phase space 

Next, we study the geometric properties of the phase space of a classical particle in the 
Lorentzian framework, by adding several new results with respect to [5]. 

4.1. Jets of submanifolds. In view of the definition of the phase space, let us consider 
a manifold M of dimension n and recall a few basic facts concerning jets of submanifolds. 

Let /c > be an integer. A k-jet of 1-dimensional submanifolds of M at x G M 
is defined to be an equivalence class of 1-dimensional submanifolds touching each other 
at X with a contact of order k . The /c-jet of a 1-dimensional submanifold s : N G M 
at X G A?" is denoted by jks{x) . The set of all /c-jets of all 1-dimensional submanifolds 
at X G M is denoted by Jkx{M, 1) . The set Jk{M, 1) =: U^eM Jkx{.M, 1) is said to be 
the k-jet space of 1-dimensional submanifolds of M . In particular, for /c = , we have 
the natural identification Jq{M^1) = M , given by jos{x) = x, for each 1-dimensional 
submanifold s : N G M . For each integers k > h > , we have the natural projection 
TT^ : Jfc(M, 1) ^ Jh{M, 1) : jks{x) ^ jhs{x) . 

For each 1-dimensional submanifold s : N G M and each integer > , we have the 
map jfcS : N Jk{M, 1) : x ^ iks{x) . 

A chart of M is said to be divided if the set of its coordinate functions is divided 
into two subsets of 1 and n — 1 elements. Our typical notation for a divided chart will be 
(x*^, X*) , with l<'i<n — l.A divided chart and a 1-dimensional submanifold s : N G M 
are said to be related if the map x" =: x^\n G map(A/', M) is a chart of A/" . In such a case, 
the submanifold N is locally characterised by s* o (x*^)"^ =: (x* o s) o (x'^)~^ G map(]R, M) . 
In particular, if the divided chart is adapted to the submanifold, then the chart and the 
submanifold are related. 

Let us consider a divided chart (x°,x'') of M . 

Then, for each submanifold s : N G M which is related to this chart, the chart 
yields naturally the local fibred chart (x°,x*; x^)i<|a|<fc G map(Jfc(M", 1), M" x M'^'^""^)) 
of Jk{M, 1) , where a =: [h) is a multi-index, of "range" 1 and "length" \a\ = h , and the 
functions xj^ are defined by x^ o j^N =: (9o...o -5* , with 1 < |a| < A; . 

We can prove the following facts: 

1) the above charts ( ) yield a smooth structure of Jk{M, 1) ; 

2) for each 1-dimensional submanifold s : N G M and for each integer A; > , the 
subset jks{N) G Jk{M, 1) turns out to be a smooth 1-dimensional submanifold; 

3) for each integers k > h > 1 , the maps : Jk{M, 1) — > Jh{M, 1) turn out to be 
smooth bundles. 

We shall always refer to such diveded charts (x°,x*) of M and to the induced fibred 
charts (x°,x*; x^) of Jk{M, 1) . 

Let mi G Ji{M, 1) , with rriQ = 7rQ(mi) G M . Then, the tangent spaces at rriQ of all 1- 
dimensional submanifolds N , such that jis(mo) = mi , coincide. Accordingly, we denote 
by T[mi] C T^giVf the tangent space at ttiq of the above 1-dimensional submanifolds 
N generating mi . We have the natural fibred isomorphism Ji{M, 1) Grass(iVf , 1) : 
mi I— i> T[mi] C T„n^M over M of the 1st jet bundle with the Grassmannian bundle of 
dimension 1. U s : N G M is a submanifold, then we obtain T[jis] = span(9o + d^s^di) , 
with reference to a related chart. 
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4.2. Phase space. Let us introduce the phase space of a classical particle and its basic 
contact structure induced by the Lorentz metric. 

A motion is defined to be a 1-dimensional timelike submanifold s : T d E . Let us 
consider a motion s : T (Z E . 

For every arbitrary choice of a ^^proper time origin" to & T , we obtain the ^^proper time 
scaled function" given by the equality cr : T — *■ T : 1 1— > ^ /[j^ jj II ^ II dx^ ■ 

This map yields, at least locally, a bijection T ^ T , hence a (local) affine structure 
of T associated with the vector space T . Indeed, this (local) affine structure does not 
depend on the choice of the proper time origin and of the spacetime chart. 

Let us choose a time origin to & T and consider the associated proper time scaled 
function a : T — >■ T and the induced linear isomorphism TT —* T x T . Moreover, let 
us consider a spacetime chart (x^) and the induced chart (x°) G map(T, M) . Let us set 

f) „A _. ds^ 
— d-o • 

The 1st differential of the motion s is the map ds =: ^ -.T ^T* ®TE . 
We have g{ds^ ds) = —(? and the coordinate expression 

, ds^ , CoM°® ((9oos) + 9os*(a,os)) 

da ^\ {qqq o s) + 2 {goj o s) dos^ + {gij o s) dos' dos^ \ 

We define the phase space of a classical particle to be the subspace diE C Ji{E,l) 
consisting of all 1-jets of motions. 

For each 1-dimensional submanifold s : T G E and for each x G T, we have jis{x) G 
SiE if and only if T[jis{x)] = T^T is timelike. 

Any spacetime chart (x*^, x*) is related to each motion s : T E . Hence, the fibred 
chart (x°,x*,Xq) is defined on tubelike open subsets of diE . 

We shall always refer to the above fibred charts. 

The velocity of a motion s : T C E is defined to be its 1-jet jis : T — di{E, 1) . 
We define the contact map to be the unique fibred morphism fl, : SiE T* ^ TE 
over E , such that ^ o = ds , for each motion s : T ^ TE . We have the coordinate 

expression fl,= ca° {Oq + Xq di) , where we have set a° =: 1/ \J\gQQ + 2 goj x^ + gij x^ x^ \ . 

We have g {a, a) = —c^ ■ 

The fibred morphism ^i; : 8iE T*(^TE is injective. Indeed, it makes 3iE C T*(g)TE 
the fibred submanifold over E characterised by the constraint gxf^x^XQ = — (cq)^ . 

We define the time form to be the 1-jet based scaled 1-form r =: — ^ g^{A) '■ diE —> 
T ® T*E , with coordinate expression r = Txd^ , where tx = — ^ {gox + gi\ Xq) . 
We have t{a) = 1 and g{T, r) = — ^ . 

We define the complementary contact map to be the linear fibred morphism 6 =: 1 — 
A^T : SiE X TE TE , over 3iE , given by 6{v) = v — t{v) a ■ We have the coordinate 

E 

expressions 6 = d^ dx + (a°)^ {gox + 9i\ x'o) d^ ® {do + Xq dj) . 

4.3. Orthogonal splittings. We have a natural orthogonal splitting of the tangent and 
cotangent spaces of spacetime puUbacked over the phase space. 

We define 

- the A^horizontal tangent space of spacetime. 
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- the T -vertical tangent space of spacetime, 

- the T -horizontal cotangent space of spacetime, 

- the jx-vertical cotangent space of spacetime 

to be, respectively, the vector subbundles over "^lE 

Hj^E =: {(ei, X)ediExTE \ X e T{e{\} C diE x TE , 

E E 

VrE =: {(ei, X)ediExTE \ X e Th]^} C 8iE x TE , 

E E 

H;E =: {(ei, u) G 3iE x T*E \ {u, T[ei]^) = 0} C 3iE x T*E , 

E E 

V*E =:{{euuj) ediExT*E \ (tu, T[ei]) = 0} c8iExT*E, 

E E 

where T[ei] is the tangent space associated with the 1st jet Ci and T[ei]-'- is its orthogonal. 

Indeed, Hjj^E and H*E are generated by a and r , respectively; moreover, VrE and 
V^E are generated by 6 and 6* , respectively. 

4.1. Proposition. We have the natural orthogonal linear fibred splittings over 8iE 

3iE xTE = Hj^E © VrE and diE x T*E = H*E © V^E 

E 3iE E 3iE 

and the corresponding projections 

J =r®A:3iE xTE ^ HnE and 7Ti\ = r : diE x T* E ^ H^E , 

E E 

TT^ = e -.SiExTE^ VrE and Tr± = 9* : diE x T*E V^E . □ 

E E 

We have a natural identification (Hjj^E)* = H*E and (VrE)* = V^E . 

4.2. Lemma. The restrictions of g and g to the components of the above splitting are 

5f|| =: 5f o (vr", tt") = -c^ r © r and =: (7 o (tth, 7r||) = --^ ;i © ^, 

g± =■ g o (71-^,71-^) = g + T ^ T and g'^ ='■ g o ('n'±,'n'±) = g + ^ A^ A- □ 

We have the mutually dual local bases (60, ^i) and adapted to the above split- 

tings, where 



bo =: 


do 




G fib(ai-E, H^E) , 


bi =: 




-ca^Ti {do + x^dj) 


G fib(ai^;, VrE) , 


=: 




+ ca^Ti{d' -x^d^) 


G fib(ai^;, h;e) , 


f3' =: 




Xq d 


G fib(ai^;, v^i^^^) . 



If we put 



_ rA I rA i _ _ rO i 

'Jo — '^O ^ "''O ' "/i ~ M ' 



then we can write shortly 

bo = S^dx, h = {5^ - c a° rj^) 9a , /3° = (5° + c a° r, 5^ d^ = 5; d^ . 



GEOMETRIC STRUCTURES OF THE PHASE SPACE 15 

We have the inverse relations 

= ca^Txbo + 5\hi , = 5{; - ca°rj/3^) + S'^ (3^ . 

4.3. Lemma. We have the equahties 





9 (bo, 




' = 9px ^0 ' 




■■9{P\d^) 


1 = 


\2 xA 


9i\ ='■ 


9{K 


dx) 


= 9ix+ {a^fgoigox, 




-g{(3\ d') 






900 =■ 


9 {K. 


,M 




r =: 


9iP',P') 


= -(«°; 




9ij =■ 


9ih, 


6,) 


= 9ij + {ct^fgoi 9oj , 


9'' =■■ 




= 6ir 




90 j =■ 


9{bo, 


6,) 


= 0, 


=: 


9{f3',(3n 


= 0. 





□ 



4.4. Lemma. We have the coordinate expressions 



J = -{a'')^goxKd^^d^, 7i\\ = -{a^ goxS^ ® 



7r± = gixg'^d^0d^ 



(711 = -(«'^)'^OA^O^.C?^®rf'', ^" = -K)'5o^^^A®9^, 

= (^?am + («°)' ^OA ^om) ® g^ = ig'" + («°)' 4' 5^0) dx^d,. 

Later, we shall be frequently involved with the following useful technical identities. 
4.5. Lemma. We have the following identities 



□ 



goxd' = gooP\ gixd' = gijP^, f^d, = g'Ho, g'' d, = g'H_ 

hx r = 5^ + («°)' ^oA 5^ , gor. f = - goo g'' , 

g,^ (7°^ = {aygo^ , ^ = , g^. ^" = 0, 

giJ''^ = 0, g,^, 6{ = gx^ + {ay gox g^^ , g'^ 5{ = g'^ , 

g'" g,u = g., = , g'' g,H = t = 5] , 
g'' gj^ = K- g'' go. , g'' 5; = g'" - g'' 5g , go. 6'-, = goo , g'' goj = -goo g'' , 

= {ay goi , ^Aa^ = \ {ay d^goo • □ 

4.4. Splitting of the spacetime 2— form. Let us consider a linear spacetime connection 
K and the induced scaled spacetime 2-forms T = T[g,K] and T = T[g,K] (see Section 
12. 4p . Then, we can split T and T , over the phase space, into the parallel and orthogonal 
components (according to the splitting of TE and T*E achieved in the above Section IT3l) 
as follows. 

4.6. Proposition. The pullback of T , with respect to 3iE x TE TE , splits as 

E 

T = Til + T, , 
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where the parallel and orthogonal components are defined by 

T|| =: gj [v[K] A tt,,) : ^^E xTE^V® K^T*TE , 

E 

T±=: gj (iy\K] A TT^) : 8iE xTE^h^^ K^T*TE , 

E 

and have the coordinate expressions 

T|| = -c^ ta r,, {d^ - K/p x" d") A # 

= ^OA go, (rf' - d-") A d^ , 

r± = {gx, + TA r^) (ci^ - d") A # 

= (^7am + ^OA 90,) {d' - x" d^ A # . 
Proof. It follows from the coordinate expressions of Try and 7ij_ . □ 

4.7. Proposition. The pullback of T , with respect to 8iE x TE TE , splits as 

E 

f = f|| + Tx, 

where the parallel and orthogonal components are defined by 

T|| =: gj (ulK] A ^ii) : 3iE x (T* ® TE) ^ (T* ® L^) ® X^T*fE , 

T± =: 5 J (z/[A'] A ^x) : ?>iE xTE^ (T* ® L^) ® K^T*fE , 

with 7r|| =: idCS>7r|| and ttj, =: id®7r_L , and have the coordinate expressions 
T|| = -c^ Ta ® - x(; d'') A d^' 

= -(«°)' ^OA go, w° ® (c^o - rf'^) A rf'^ , 

T± = ((7AM + ^A r^) w° ® (rfo' - a;;; rf'^) A # 

= (^7am + {oPf gox go,) «° ® {do - rf^) A # . □ 

4.5. Vertical bundle of the phase space. The metric g yields an isomorphism of 
the vertical space of the phase space with the r-vertical subspace of spacetime. This 
isomorphism can be regarded as analogous to the isomorphism which holds in the case of 
a fibred manifold. 

Let V8iE C T8iE be the vertical tangent subbundle over E . The vertical prolongation 
of the contact map yields the mutually inverse linear fibred isomorphisms 

Ur-SiE^T^V^E^VdiE and u;^ : 3iE ^ V*diE ^V^E , 

with coordinate expressions Ur = -^^^ Mo ® ® d'^ and u"^ = cq a" ® d^^hi . 
Thus, for each Y e sec{8iE, V2iE) and X G sec(i;, TE) , we obtain 

u;\Y) e &h{3iE, T* ® VrE) and u,{X) G sec(ai^;, T ® V3iE) , 
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with coordinate expressions 

u;\Y) =ca^Y^bi and Ur{X) = X' , where X' 
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ca 



X' - 4 x° 



4.6. Phase connection. Let us introduce the general notion of connection of the phase 
space and discuss the relation with spacetime connections. 

We define a phase connection to be a connection of the bundle 8iE E . 

A phase connection can be represented, equivalently, by a tangent valued form 
r : 3iE T*E ® TdiE , which is projectable over 1 : E T*E ®TE , or by the 
complementary vertical valued form z/[r] : ^lE — > T*8iE ® V8iE , or by the vector val- 



ued form z^rfr] 
are 



u[T] : 3iE ^ T*3iE ® (T* ® V^E) . Their coordinate expressions 



Ur[T]=ca°{di-Txod^)®k, with Tx^ e mapiSiE, R) . 
We define the curvature of a phase connection F to be the vertical valued 2-form 
R[r] =: -[T, T] : diE A^T*E ® V3iE , 
where [ , ] is the Frolicher-Nijenhuis bracket. We have the coordinate expression 

R[T] = -2 (SaF^ + F;,^o 9°F4) d^Ad'^^d^. 

4.8. Theorem. [6] For each linear spacetime connection K , there is a unique phase 
connection F , such that the following diagram commutes 



niE 

{r[3iE], Ta) 



2iE X T{T 

E 



V 



VdiE 



T* 



VrE 

71^ 



TE) 



{id[3iE] X u[K]) 
Indeed, we have the coordinate expression 



3iE X {T (g)TE) 

E 



AO 



Thus, the above correspondence yields a natural map x '■ K 
linear spacetime connections and the set of phase connections. 

4.9. Note. We have the following identity [6] 

R[x{K)]x;, = 5lR[K]x,''Jl. 



F between the set of 
□ 



□ 



4.7. Dynamical phase connection. Let us introduce the general notion of dynami- 
cal connection of the phase space and discuss the relation with phase connections and 
spacetime connections. 

Let be the space of 2-jets of motions. We can see that this space can be naturally 
regarded as the affine subundle ^2^^ C T*®T2iE , which projects on j\ : '^lE T*®TE . 
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A dynamical phase connection is defined to be a section 7 : 3iE 32E , or, equiva- 
lently, a section 7 : diE ^ T* ® T3iE , which projects on The coordinate expression 
of a dynamical connection is of the type 

7 = ca° (9o + di + 70^ d^) , with 7o'o G map(ai^;, M) . 

If 7 is a dynamical phase connection, then we have 7 j r = 1 . 

If r is a phase connection, then the section 7 =: 7[r] =: ^jF : diE ^ T* (g) TSiE 
turns out to be a dynamical phase connection, whose coordinate expression is given by 

7oo = Too + Tjo xl = TpQ 5^ . 

Hence, a linear spacetime connection K yields the dynamical phase connection 
7 =: 'y[K] =: ^jx(A') . Its coordinate expression is 

700 = S^K^Pr 5o 51 . 

4.8. Phase 2— form and 2— vector. Let us introduce the general notions a phase 2- 
forms and phase 2-vectors associated with a phase connection and discuss the relation 
with spacetime connections. 

If r is a phase connection, then we define the scaled phase 2-form and the scaled phase 
2-vector associated with g and F to be, respectively, the sections 

Vl =: Q[g, r]=: gj (z/,[r] A 6) : SiE (T* ® L^) ® A^T*8iE , 
A =: A[^, r] =: g j(r A z/,) : SiE ^ (T ® L"') ® A^TdiE . 

Their coordinate expressions are 

n = ca' g,^ {dl - r,^ d^) A rf^ and A = ^ g'^ (^a + T,}, 9°) A 9° . 

ca^ 

There is a unique dynamical phase connection 7, such that 7jr2[(7,r] = 0. Namely, 
7 = 7[r] -.SiE -^T* (^T3iE. 

4.10. Lemma. If F is a phase connection, then we have ij>^Q = —3 . 

Proof. We have ^ = —g^^ giiJL = ■ D 

Thus, a linear spacetime connection K yields the scaled phase 2-form and the scaled 
phase 2-vector 

=: n[g,K] =: n[g,x{K)\ and A =: k[g,K] =: k[g,x{K)\ . 
Their coordinate expressions are 

= c a° gi^ (4 - Kx'a k d^) A d'' , 

A = ^ g^^ (dx + 6lK/a k d^) A 5° . 
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4.9. Spacetime and phase 2— forms and 2— vectors. Let K he a. hnear spacetime 
connection. Then, we can compare the scaled phase 2-form Q =: Q[g,K] and the scaled 
phase 2-vector A =: A[g, K] with the scaled spacetime 2-form T =: T[g, K] and the scaled 
spacetime 2-vector H =: E[g,K], respectively, in the following way. 

4.11. Proposition. The contact map ^ yields the following scaled 2-forms of diE 

A* T -.SiE^ (T* (g) L^) ® A'^T*3iE , 
A* T,| : SiE (r ® L') ® A^T*SiE , 
A* : 3iE (T* ® L^) ® A^T*3iE , 

which fulfill the equality 

;i*T = ;i*T||+;i* Tx. 
We have the coordinate expressions 

^* T = ca° (g,, d}, + (i g,^ d^goo - 9x, K rf"^) A d^ , 

^* T|| = c {ay {\ du9oo + 9ox K/,) d'' A d^ , 

A*f^ = ca' g,^ (d}, - 6\ K/, d"^ A d^ . 

Proof. The equality 
yields 

A*Xq = Co a° , ;i*Xo = Co a° 

and 

;i*rf° = co9Aa°ci^ + coc'°a°4 

= i Co {ay dxgoo d^ + cq {a^ goj d^ 

A*di = Co <9a«° xi d^ + Co o»°a° 4 + Co 4 

= i Co {ay dx{goo) 4 + co («°)^ ^oj a^o 4 + co a° 4 ■ 

Then, we obtain 

= A* {gx^. M° ® (4 - K/, rf^) A d>') 

= ® Co 9a^oo + Co («°)^ ^oi 4) ^ 

+ gjt. M° ® (I Co 9a^oo 4 + Co («°)^ goi xl 4 + co a° 4) A # 

- Co a° ^A^ (^/o + A'/, x^o) n° ® A d'^ 

= c° a° n° ® 4 A # + I Co go^ dxgoo d^ A d^" 

- Co a° c/am (^/o + K/j 4) u^^d" Ad". 
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Moreover, by recalling the equality (^oo + goi Xq) = — 1 , we obtain 

= -{oPf goo go,. (I Co {ay dxgoo d^ + cq {ay go, d^) A rf^ 

- {ay hi gof. u° ® (i Co {ay dxgoo 4 d^ + cq {ay goj 4 4 + Co 4) /\ d^" 
+ Co ^oA ^om (^/o + i^/i 4) u^'^d" A # 

= I Co {ay go,, dxgoo m° ® rf" A # + c° ^qa ^o;. S'o u'^d-'Ad^. 
Finally, we obtain 

= Co «° ® {dl - 61 K/, 61 d") A d^ . 
4.12. Theorem. We have _ 

Proof. The Theorem follows by a direct comparison of the coordinate expressions 

^* Tx = c a° (rf^ - 6\ K,\ 6", d"^ A d'' , 
where we put Fj^g = ^a ^v^p ^o ■ 



□ 



□ 



4.13. Corollary. A is the unique scaled phase 2-vector such that the following diagram 
commutes 

8iE (T ® ® A^TSiE 



A 



Proof. We have 
and 



S o = (7^/^ Mo ® {dx + Co a" Kx% 5g dl) A 



id ®K^Ta 



(id ® A^Tji) o A = ^^'^ no ® 9a A d 



+ Co a° (i ^^-^ dxgoo k + 5^ Fa^o ^f^'o + g'' ^xh ^o. ^o) 



+ fa^ 5r + ta?) 5; 5r j A dl . 

By comparing the coefficients standing by mq ® 9o A 9j and uq ^ di A dj , we get 
{g^' Kx% - g'' Kx\) 61 = {ay {\ g^^ dxgoo - ^ Txi + h' Txl gop) - g'' Txi 
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and 

{g^^ - g'' K,%) 5g = ^ [{a')' (1 g^' d^g,, - 5^ V^, + g^^ V^l g,,) - g'' T,i] 

- 4 [{ay (i g^' d,9oo - S', T,l + g^' g,,) - g'' T,l] 
+ g'^T,l-g^'T,i, 

respectively. 

Then, inserting the first equahty into the second one, we get 
g^' r,^ - g^' T,i = {g^' - g^' K,\) 5g 

- xl {g^' - g'' K,%)) 5g + xl {g'' - g'' K,\)) 5g 
which is satisfied if and only if Faq = p 5q , i.e., if and only if F = x{K) ■ □ 

5. Contact and Jacobi structures: general case 

In this section, we consider the metric g , a general phase connection F and the induced 
objects Vt =: Vt[g, F] , A =: K.[g, F] , 7 =: 7[F] . Then, we analyse the conditions by which 
g and F induce scaled almost-cosymplectic-contact, or contact, structures and scaled 
almost-coPoisson- Jacobi, or Jacobi, structures (see Introduction) on the phase space. 

5.1. Regularity and duality. Let us analyse the non-degeneracy of the scaled covariant 
pair (— r, VL) and of the scaled contravariant pair {—\ 7, A) and the condition for their 
duality [8]. 

5.1. Lemma. The section -c^ t hVt hVt hVt : diE (T*^ ® L^) ® A^T^Ji^^ is a scaled 
volume form, with coordinate expression 

-cV A 1] A A = 3! |^| d] A dl A 4 A d'^ A A A . 

Hence, the pair (— r, Q) is a regular covariant pair. 

Proof. The equalities r = rxd^ = gox d^ and il = ca^ gif, (4 - d") A rf^ yield 
-c^T AQ AQ AQ = -c^ {ay Tx gi,^, gi^^^ gi,^, d^ A d^' A d^' A 4' A d^'^ A 4' A d^^ . 

Hence, by taking into account that the antisymmetrisation makes some terms vanishing, 
we obtain 

-c^ r A = {ay gox g^,^., gi,^., g^,^., d^ A 4^ A c/^^ A 4^ A d^' A 4^ A d^' 
= (3!) {ay gox gi^, g2^, gs^, d^AdlA d^' A 4 A d^' A rfjj A 
= (3!) {ay gox gi^, g2^, 93^, d^ A d] A d^'^ A 4 A d^^ A 4 A 
= (3!) c" {ay \g\ A 4 A rf^ A 4 A a 4 A d^ □ 

5.2. Lemma. The section -^7AAaAaA: 3iE (T"^ ® L-^) ® A^TJi-E is a scaled 
volume vector, with coordinate expression 

7 A A A A A A = -3! \g\ 5° A 9° A 9° A 9o A (9i A A ^3 . 
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Hence, the pair (— ^ 7? A) is a regular contravariant pair. 
Proof. The equahties 7 = ca° {6^ dx + %o df) and A = ^ g^f" {d^ + T^l 9°) A o»° yield 

7 A = g'^^^ g'-^- cf-^' (5o' + 7^0 A d,, A 9° A d,, A 9° A A 8% 

= 3'''' ^ dx A 9^, A 90 A 9^, A 90 A A 9° . 

Hence, by the identity Sq = g^i g^^ — g^'^ and the fact that the antisymmetrisation 
makes some terms vanishing, we obtain 

7 A = r^' r^' (^o,,^^' - g'^) 

9,A9,, A9° A9^, A9° A9^3A90 
= 9'"'" 9'''' F'^' g'' dx A d,, A 9° A d,, A 9° A S,, A 9° 

= jdr 3'"'" 3''"' g''^' g'' dx a d,, a a° a 9^, a 9° a 9^3 a 9° 

= 3! ^7°' ^7^''^ g'^' g'"' dx A 9,,, A 9? A 9^, A 9° A ^^3 A 9° 

= 3! 1^1 9o A 9i A 9° A ^2 A 9° A ^3 A 9° 

= -3! (d^ 1^1 ^? /\ ^2 Ad^AdoAd^A^2Ads. 
5.3. Lemma. We have 

(A« ® A«) (fi) = -A , (fi'' ® fi'') (A) = -Q . 

Proof. We have 

A«(d^) = ^ ^^-^aj , A«(rf^) = ^ ( - r 9, + (^^-^r,^ - ^^^r/o) 9°) 

c Q;^ c 

and 
Then 

(A» ® A«)(fi) = ca° (A«(4) - r,^ A«(d'^)) A X\d^) 

\ g,, ( - g^' dx + {g'' - g^^ T/o) 9° - g^^ T d^) A {f^dt) 



ca 

and 



ca"" 

\ (-^^A-^^^^r.^o^o) A9° 



ca 



'g'^ ( - gpx dl + (^PA T,l - gp, Txl) d^ + r,^ g,^ d^) A {gj^d^ 
'{-g^xdl + g^xr,},d'')Ad\ □ 



ca 



□ 



5.4. Proposition. The structures (— c^r, Q) and (— ^ 7, A) are mutually dual if and 
only if 7 = 7 [r] . 
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Proof. Indeed, we have 

2_c2t-A = — vA = and i ± ^{—c^ t) = i^r = 1 . 

Moreover, i j_ f2 = , if and only if = , i.e. if and only if 7 = 7[r] . 

The fact that the maps ^^^|imAtt • iniA^ imif and A'^^^j^Qb : imfl^ imA" are 
isomorphisms and 

follows, by [8], from the fact that dual structures are characterized by 

(A» ® A«) (fi) = -A , {it ® it){A) = -Q . 
Then Proposition follows from Lemma 15.31 □ 

5.5. Remark. Let us remark that dual pairs (— c^r, Q) and (— ^ 7, A) are charac- 
terised by the the following identities [8] 

ker(-cV) = imA" , ker(-^ 7) = iml]^ □ 

5.2. Splittings of the phase tangent and cotangent bundles. Next, we study the 
splitting of the scaled tangent bundle of the phase space induced by the pair (— ^ 7, A) 
and the splitting of the scaled cotangent bundle of the phase space induced by the pair 
(-c^r, n). 

5.6. Definition. We define the 7-horizontal and the 7-vertical subbundles to be, re- 
spectively, the vector subbundles 

H^SiE =: {-\ 7) C T ® ^ T3iE , 

V;3iE =: ker(--^ 7) C T* ® ® T*3iE . 

We define the r-horizontal and the r-vertical subbundle to be, respectively, the vector 
subbundles 

H*JiE =: {-c^ r) C r ® ® T*8iE , 

VrSiE =:kei{-c^T) CT^h-^ 0TdiE. □ 

5.7. Proposition. We have the linear splittings 

T ® ® TdiE = H^SiE © VrdiE = (-i 7) © ker(-c2 r) = (-^ 7) © im A« , 

T* © ® T*diE = H*JiE © V;3iE = {-c^ r) © ker(-^ 7) = (-c^ r) © im 

We have the mutually dual local bases of phase vector fields (cq, e^, e°) and of phase 
1-forms (e°, e\ eg) adapted to the above splittings, where 

(5.1) eo=:6'id, + r,ld^), e. =:(5,^ + (aY^oJo')(5A + r/o9°), e° =: 9° , 
and 

(5.2) eO _ _(^0)2^^^^A^ e'=:d'-xld\ =: - T ,1 d\ 
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We have the inverse relations 

(5.3) dx = -{a^gox eo + e^ - Txl e° , 9° = e° . 
and 

(5.4) d' = e' + {ay go. e\ d' = + 4 {e' + {a^ goj e=) , 

dl = el + (r,^ + {ay go, H ^pI) + K Tpo ■ ° 
5.8. Proposition. The projection T ® ® TSiE H^3iE is given by 

X^{-c'r){X) {-\^) = r{X)^ 

and the projection T ® ® TSiE VrdiE is given by 

X^{X-t{X)j), 

for each X G T ® L'^ ® TdiE . 

The projection T* ® ® T*3iE H^diE is given by 

1 2 



(-^7)(0)(-c'r)=7(0)r 



c 

and the projection T* (g) T*diE V*diE is given by 

(f) t-^ </)-7(0)r, 

foreach0GT*(g)L2(g)T*ai-B. □ 

5.9. Corollary. Each X e sec(Ji^;, T (g) L"^ (g) TJiE^) can be uniquely split as 

X = t{X) + {X - t{X) 7). 

If the coordinate expression of X in a spacetime chart is X = X^^ uo<S>dx + X% uo^d^ , 
with X^'^^jX^Q G map(^i^^, (g M) , then the expression of its splitting in the adapted 
base ()5.1I) is 

X = -{ay gox Mo ® eo + S{ X^^ ® e, + {X% - X"^) i^o ® e° . 

Each G sec(ai-E, T* (g (g T*diE) can be uniquely split as 

= 7(0) r+ (0-7(0) r). 

If the coordinate expression of in a spacetime chart is = 0oa u° (g c?'^ + 00° u° (g dp , 
with 0oA7 0Oi' ^ map(tJi£J, (g M) , then the expression of its splitting in the adapted 
base (15.21) is 

= 5g (0op + 0o;r,^)w°®e° 

+ {4>oi + 00^ + {ay go. S'o iK + K Tpo)) w° ® + 0o° ® • ° 

5.10. Corollary. If the coordinate expression of X in a spacetime chart and in a 
adapted base are 

X = X°^mo®5a + X°^mo®5°, 

= X°Omo ® eo + X°^Mo ® ei + X%mo ® e° , 



GEOMETRIC STRUCTURES OF THE PHASE SPACE 25 

with X% X% e map{diE, L'^ o R) , then we have the equahties 

X°o = X'' = 6\ X^\ X% = X% - T^l 

X°o = + {ay gop X^^, X'' = X'' + (5?°° + {a^ gop X'^, 

x% = x% + (r,^ + {ay gop 5g r,^) + 5g r,^ . 

If the coordinate expression of </> in a spacetime chart and in a adapted base are 

= (pox u°0d^ + 00 • n° (g) 4 
= 000 M° ® e° + 0oi M° ® + 00 • m° ® , 
with 0OA5 00?! 000! 0oi! 0Oi' ^ map(^i-E, ® M) , then we have the equahties 
000 = ^ (0OA + 00^ Txl) , 00. = 0oi + 00^ + {a'f goi (0oa + 00^ Txl) , 



00° = 00°! 

0OA = -(a°)^^oA0oo - 5a0op - 0oSrAjJ, 00- = 00°. n 

5.11. Proposition. The musical morphisms A* : T*diE ^ T ® L"^ (g) TdiE and 
fi^ : T3iE T*(g)L^®T*tJi£' can be naturally identified, respectively, with the morphisms 
A« : T* O ® T*3iE TdiE and : T (g) h'^ TdiE T*diE . 

Moreover, these morphisms can be naturally extended, respectively, to the morphisms, 
denoted by the same symbols. A" : T* ® ® T*diE T ® L'^ ^ T3iE and 
fi^ : T ® ^ TdiE ^ T* ® L2 ® T*3iE . 

Furthermore, the restrictions A^ : V*3iE VrSiE and : VrdiE V*2iE are 
mutually inverse isomorphisms. □ 

5.12. Proposition. We have the morphisms 

7« : r ® ® T*diE ^ T ® ^ TdiE : ^ 0(-^ 7) (-^ 7) , 
: T ® ® Tgi-E ^ T* ® ® T*3iE : X ^ (-c^ r)(X) (-c^ r) . 

Moreover, the restrictions 7^ : i/^ai-B H^SiE and : H^SiE H^SiE are 
mutually inverse isomorphisms given by /(— r) t-^ f{~^ l) ^i-iid /( — ^ 7) f{—c^ t) , 
respectively, with / G map(^i£', M) . □ 

5.13. Note. By considering the Planck constant h and a particle of mass m , we define 
also the rescaled morphisms, denoted by the same symbol, 

7« : T*diE ^ T ® ® TdiE : ip ^ -f{ip) 7 , 

4 

: T3iE ^ T* ® ® T*3i£^ : >^ ^ ^ r(F) r . □ 

/ 1/ 

5.14. Proposition. The phase tangent and cotangent splittings and the isomorphisms 
7^\Hf3iE ! ^^\v*3iE ! T^\H^3iE and i^^\v^3^E define the mutually inverse isomorphisms 

" : T* ® ® T*diE ^ T (8 ® Tai-B , 
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hence, the mutually inverse rescaled isomorphisms 

» : T*diE ^ T ® ® TdiE , 
: T ® ® TdiE T*3iE , 

" : T* O ® T*diE TdiE , 

^ -.TdiE ^iJ ^T*3iE. □ 

5.15. Corollary. In the adapted bases (15. ip and (15.21) we have 



and 



o4 ^ „2 



^(eo) =: ^ r(eo)r= ^^^^^^ e° , ^(e^) =: Ze.fi = -ca^gije^^, 

''(e°) =: i^on = ca^ gije^ . 

Thus, if V9 G sec(0i£', T*SiE) and F G sec(5i-E, T*3iE) have the coordinate expres- 
sions = (^;,e^ + ^°e^ and F = F^ca + e • , with (^a, , ^ map(ai-E,M), 
then 



V = '/'o eo 5 ^ ei + ^ (7*^ v^,- e° 



mc^ ca^ ' ■' cor 

2 



5.3. Almost— cosy mplectic— contact structure. Then, we study the conditions by 
which Q is closed. 

5.16. Lemma. The scaled phase 2-form Q is closed if and only if the following condi- 
tions are satisfied 

(5.5) aA(«°^.^) + d^ia^'g^.Txi) - 9^(«°^a) - 9°(«°^,a Vo) = 0, 

(5.6) gjf, Ruxi + gjv R\f,i + gjx Ri^ui = . 
Proof. From the coordinate expression of Q we obtain 

(5.7) dn = c 9°(«° gj^) d}, AdiAd^-c {dx{a' gt^) + 9°(a° gj^ Txi)) d}, A d^ A d^ 

- c d^{a° gj^ Txi) d" A d^ A d^" . 
Hence, dQ = if and only if 

(5.8) a°(a°^,g-9°(a°^.,)=0, 

(5.9) dxia^'g,^) + d^ia"" g,,T,i) - 9^(a°^a) - 9°(a°^,A Vo) = , 

(5.10) dxia'gj.r^i) - d^ia^g^xT^i) + 9,(«°^,a Vo) - dx{a' g,,T^,i) + 
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We have 

diia^gjt,) = {ayihi 9jti + 9oj 9i,, + 9ij 9o,i) ■ 

Hence, is symmetric with respect to i,j , which imphes that (15.81) is satisfied 

identically. 

On the other hand, we can rewrite (15.101) as 

(5.11) a° g,^ {dxT^i - d.Txi) + a° g^u {d^Txi - dxT^i) + a° g,x {d,T,,i - d^T,l) + 

+ {dx{a'g,,) - d,{a'g,x)) + (9,(a°^,A) - dx{a' gju)) Vo+ 

+ {d^{a' g,,) - d^ia'^ g,,))T,i = 

and (15.91) as 

(5.12) dx{a%,) - d,ia%x) = d^{a'g,xT,i) - d^{a'g,,rxi) . 
Then, by inserting (I5.12p and its permutations into (15. lip , we get 

(5^(«°^.A Vo) - d',{a'g,,Tx^^) + K(a°^,.r,^o) - d'^a' g.xT^i)) r,^+ 

+a'^g,, {d^Txi - 9a Vo) + «°^.a {d^T^l - d^T^i) = 

a'g,, {dxT^i - d.Txl + Tx'^dlT^i - r49°rA^o) + 
+a'g,. {d.Txi - dxT.i + T,^^d',Txi - Tx^^d',T,i) + 
+a"gjx (diyV^l - d^T,yl + T^Qd^T^l - T^Qd^T^l) + 

H^x'o r.i - r.o^ Ta^o) 9j,) + (r,S Ta^o - ^xo Vo) 9ju)+ 

+(r.o'Vo-r,Sr.'o)5°(«°^.A) = 

Hence, (15. 9p and (I5.10p are equivalent to (15. 5p and (15.60 . □ 

5.17. Note. By using the above computations we obtain the coordinate expression 
dn = lc a^'g,, R^xi d'^Ad^Ad'^-c (a° g^, d^Txi + dx{a' g^,)) (4 - ^uh d") Ad^Ad^ 

+ c9°(a°^,g A (d^o - Ta^o^") a rf^ □ 

Now, we provide a geometric interpretation of identities ( 15. 5p and ( 15. 6p . For this pur- 
pose, let us note that we can define the Lie derivatives of r with respect to F and R 
according to (12. ip . 

5.18. Proposition. The scaled phase 2-form VL is closed if and only if 

(5.13) L^^(x)i^rr = 0, \/ X E sec{E,TE) , and Lrt = . 
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Proof. The sections 

LrT -.diE ^T^A^T*E and Lrt : diE ^ T ® A^T*E 
have the coordinate expressions 

(5.14) LrT = {dxT^ + r^id'^T^) Ad'^ = -I (9A(«°^op,)+r,^ofi'?(«°^o;.))rf'Ad^ 

= -i ^0;.) + «° 9j, r^i) d^ A rf^ 

= ^ (9^^oA - Ta^o + («°)'^0A (i 9^^oo + 9op r,l)) d^ A rf'^ 

and 

(5.15) LnT = -^g,x R>.uo d^ A d^ A d"" = g^, R^^ (3= A d'^ A d" . 

Hence, r = if and only if the identity (15.61) is satisfied. 
Then, for each X = X'*' dx , we have the coordinate expression 

(5.16) LrT = ^ [d^dxT^ + d^{Txi d%)] X' d^ A # 

where P = X^ - x'q X° . 
Moreover, we have 

dxdfia'h,) + d^iTxid'^ia'go,)) = dx{a' g.,) + df{a'g,,rxi) , 
which imphes 

(5.17) L.,(x)Lrr = [dxia' g,,) + d^ia' g,,Txi)] X'd^Ad^. 
Hence Ly^(^x) -^^r t = if and only if (15.51) is satisfied. 

Thus, Lemma 15.161 implies the Proposition. □ 

5.19. Theorem. The pair (— r , 17) a scaled almost-cosymplectic-contact structure 
if and only if g and T fulfill the conditions (I5.13P . □ 

5.4. Almost— coPoisson—Jacobi structure. First, we compute the Schouten bracket 
between 7 and A . 

5.20. Lemma. For any dynamical phase connection 7 : 3iE T* ^T2iE , the scaled 
2-vector 

[7, A] ■.3iE ^I.-^ 0A^T3iE 

has the coordinate expression 

(5.18) [7, A] = [ - {ay (1 g^' 5^ d^goo + g^' 7o'o 9op + 4' 7^o) 

- 2 g'' 7^0 + d/g'' " 9^' 5j7^o] (^a + 9°) A 
+ [ - {a'f (i g^" 5', d.goo + H ^ T/^ 9op - S'o k 

+ g'-'T,i-5'^g^''T,l\dxAd^ 
+ [ - {ay {\ g^^ -fl, d.goo + 7oo 9^' 9op T^l) 

+ 9'' 5^0 dp^xo + ^^^o'o d'p Ta^ - 9'' dxf^o + 9^' T^l 9j7^o] 5° A 9° . 
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Proof. We have 

[7, A] = [ - {ay (1 {g^' 5g + g^^ 6',) d.goo + g'' 7o'o 9op 

- 2 g^' + g''^ + 5g d,g^' - 5^ ^ - g'' d'^^i,] dx A 9° 
+ 7^0 9'' go, + 7^0 ^0 Ta^) - 2 7^0 

+ r,^ 5g 9,^^-^ + g^' 5g 9,r^ + ^^■^7o'o 5° r,^ - ^^'^ 9,7^0 

+ 9'' ^xl dUo - 9'' 9j7^o] 5° A a° 
= [ - {a^ (1 ^^-^ 5g 9,^00 + 9^' 7^0 ^op + 7^o) 

- 2 7^0 + 5g a,^^'' - 9'' 9j7i;o] (5a + r,^o 5°) A 9J 
+ [ - {ay (I ^^-^ 5^ 9,^00 + 9'" 9op - S'o 

+ g'-'T,i-Sig^''T,l]dxAd^ 
+ [ - {ay (i g^^ 7oo ^p^oo + 7oo ^op) 

+ 9^' S^o dpT.l + g^'Yoo ^xh - 9^' d.^^o + 9'' T/, 9j7^o] A 9j . □ 

Now, let us go back to the particular case when 7 =: 7[r] . 

5.21. Proposition. We have 

Proof. The Schouten bracket is characterised by the following identity [12], for each 2- form 

i[j,A] P = h dix (3 — i\di^ (3 — z^aa dl3 . 
Then, our claim follows from the equality i^Q = and Lemma 14.101 □ 

5.22. Lemma. We have the coordinate expression 

(5.19) [7, A] = [ - {ay {g^' 5g + g^^ 5^) (1 d.goo + hp r/^) - h" ^^o 

+ 5g {d,g=' - g'' r/o - g^^ dlT^)] {d, + L,^ d^) A 9° 
+ g^^6'oRxpld^Adl 

Proof The equalities 7^0 = ^0 ^po and d^Yoo = ^p Tpj) + ^0 po yield 
[7, A] = [ - {ay {{^"^ 5g + h' ^) {\ d.goo + hp TpD) 

+ 5^ d/h' - g'^ 5g r/o - h^ 5g ajr,^o - 5i r r.^] (9. + r,^ a 9° 
+ \ch^ 5g (9,r,^ - s.r^ + r,^ dl r,^ - r,^ dl r,^)] 9° a 9° . □ 
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5.23. Lemma. In the adapted base (15. ip we have the coordinate expression 

(5.20) [7, A] = -{ay {\ g^o d,g,, + ^oa 5^ d,g^^ - 5g T ^) e, A 

-^^■^5^i?,^eOAe5. 
Proof. It follows from (15.191) and (15.11) . 

5.24. Lemma. We have the coordinate expression 

(5.21) 7 A k\L,T) = (a°)2 {^{\ g^Pd.goo + gop ^-^'^ - ^ai)dx A 9° 

+ 5^ r^^o ^^>(i 9p^oo - Sldrgop)d^ A 9°) , 
which, in the adapted base (15.11) . reads as 

(5.22) 7 A A«(L^r) = {a^ (i ^^■^a^^oo + 9op S^o d^g'' - ^4) A 6° . 
Proof. We have 

L,r = 5g [9,(a°^oA) - dxia%^) + 9j(a°^oA)rp^] rf^ 

= -{ay 5^ [dpgox - dxgop + 9px^pl + | (a°)^(^oA5p^oo - ^op^A^oo)] ■ 
Then, we have 

A^L^r) = g'^ 5^ [d/gox - dxgop + gpxTpl + i («°)'(^oa5p^oo - ^op^A^oo)] 
= ^[l 9''dx9oo + 9oxW' - ^PO^^o] ^° 

and 

7 A A«(L,r) = (ay 6^ (dx + 9°) A (i 9,^oo + 9op k d^g'' - ^4) ■ 

5.25. Corollary. In the adapted base (I5.2ip we have the coordinate expression 

(5.23) [-^ ^, A] _ _ ^ A A«(L, r) = g^^ 5g (1 d,g,, + r,g) 

+ ^ (^^'^ - 5^ {d,r - r Tp^o - r 9°r/o) )] e. A e? 

-i^^-^5gi?Ap^e°Ae;. 

Proo/. It follows from (ICTD and (1^:^ . 

Then, we compute the Schouten bracket between A and A . 

5.26. Lemma. The scaled 3- vector 

[A, A] : diE (T^ ® L-^) ® A^TSiE , 
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has the coordinate expression 

(5.24) [A, A] = I [S', g^^ d, A d, A 9° + {6', g^" - 5g g^') d, A A 9° 

+ 6yg'^T^lT,id^Ad^Adl] 

+ id.g^V' - 9'' ajr/o)] {d, + d^) A 9° A dl 

+ j^,g'TRp.ld^^d'^^dl. 

Proof. We have 

[k,k] = ^5lg^^dxAd^Ad'^ 

+ I W 9'' (I 5p^oo + 9op T,l) + 9'' - 5^ ^^'^ 
+ - 9'' - d^r^)] dxAd^A 

+ ^ 9'' r,o^ (1 9.^00 + hp r^) + ^0 9"' r.^ r^i 
+ d^g'^ T,^ + ^7°^ r r,^o r.S 

+ (^^'^ r.g - ^^'^ r.^) 9°(^^'' T,^)]d^ Ad^A dl 

= ^Jlg^^d^Ad,Ad^ 
+ ^ t^*'' ^^'^ (I 5p^oo + hp TpS) + (^0 h' - S'o h') Tp^ 

+ ^^'^ (5p^^' - 9'' - 9°r^)] 9, a 9° a 9° 
+ ^ [^^'^ h' r,o' (1 5.^00 + hp T/,) + 5^ r.^ r/^ 

+ r Tp^o (^.^'^ - r.o' - sjr.o))] 5° A 9° A 9° . □ 

5.27. Lemma. In the adapted base (15. ip we have the coordinate expression 

(5.25) [A, A] = ^ [g'^^ cq A e, A + g'^^ (F/q - ^oa d,h') eo A e° A el 

+ {g''h'{-2dpgoo + hpr/o) 

+ (^TF (9p9'' - h' - r dlV^,)) e. A e? A e° 
+ (i)^r^^'^i?p.oe°Ae;AeO]. 

Proo/. It follows from flSlMD and ([5l]). □ 

5.28. Lemma. In the adapted base (15. ip we have the coordinate expression 

(5.26) 7 A (A» ® A«)(c/r) = [g^^ eo A Cj A el 
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+ [h. d.f'' - g^" r,S) eo A e° A e°] . 

Proof. We have 

(A«®Att)(rfr) = ^ [g^^d^Ad^ 

- [F^ 9'' d,go, + g'' - g^^ T^) 9° A d]] 

Then 

7 A (A« ® A«) (rfr) = ^ (5o" (9, + r,o^ dl) A [^•'■^ 9a A 9° 

- (^^' ^^'^ Sa^o;. + 9'' r,i - g^p v;,) 9° A 

+ ( - (^^'^ ^'"^ 5p^o. + 9'" r,o' - r/o) + 5g ^^'^ r,^^) 9^ a 9° a 9° 

- 5S Tpo' [g'^ g'" d,go, + ^^'^ r/o - ^^-^ r/o) 9° a 9° a dl] . 

Then, in the adapted base (15. ip we obtain the Lemma. □ 
5.29. Lemma. In the adapted base (15. ip we have the coordinate expression 

(5.27) [A, A] - 2 7 A (A» ® A«) {dr) = | [{g'' g^^ (i d.goo + gop T,^) 

{d^r - g'' - r 5°r4)) e, A A e° 



(a0)2 



+ (^^^'^"^^P'^oe°Ae°Ae°] 

Proof. It follows from (15:251) and ([E26]). □ 

5.30. Lemma. The pair (— ^ 7, A) is a scaled almost-coPoisson-Jacobi structure along 
with the fundamental 1-form if and only if the following identities are satisfied 

(5.28) {a'fr5';,{\d,go,+g,,Tpl) 

-K {d,r - r r/o - r olv^i) + g^^ r,^ = O , 

(5.29) ^^■^5gi?Ap^-^^^5gi?Ap'o = 0, 

(5.30) {ay - t'r) (I d.goo + gov^ pi) 

{d,r - g'' - r diT^,) - g^'^ {d,r - r r^s - r qi^pD = o , 

(5.31) r Rpai + g'" g" Rpao + g'"" g" Rp.l = o . 

Proof. (— ^ 7, A) is a scaled almost-coPoisson-Jacobi structure along with the fundamen- 
tal l-form'-c^ r if and only if [- 4 7, A] = -(-4 7)AA«(L 1 (-c^r)) = ^ 7AA«(Lrr) 

and [A, A] = -4 7 A (A« ® A«)(-c2 rfr) = 2 7 A (A« ® Att)(dr) . 
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But, in virtue of Corollary ESSl [-^ 7, A] = ^ 7 A A»(L^ r) if and only if (ESHD and 
f l5?29|) are satisfied. Moreover, in virtue of Lemma [E29l [A, A] = 27 A {A^ (g) A^){dT) if 
and only if fl5.30p and fl5.3ip are satisfied. □ 

5.31. Theorem. The pair (—^7, A) is a scaled almost-coPoisson-Jacobi structure 
along with the fundamental 1-form —(? r if and only if the conditions (15.131) are satisfied. 

Proof. 1st proof. By Theorem ll. li the structure (— r, Q) is a scaled almost-cosymplectic- 
contact structure if and only if the dual structure (— ^ 7, A) is a scaled almost-coPoisson- 
Jacobi structure along with the fundamental 1-form — r . On the other hand, according 
Theorem 15.191 (— c^r, fi) is a scaled almost-cosymplectic-contact structure if and only if 
the conditions (15.131) are satisfied. 

2nd proof. Next, we prove Thorem directly in local coordinates. 

From Lemma [5.3UI it folows that (—^7, A) is a scaled almost-coPoisson-Jacobi struc- 
ture along with the fundamental 1-form — r if and only if (I5.28P - (I5.3ip are satisfied. 

We have the coordinate expression (I5.15P of L^t and, in the adapted base (15. 2p . we 
obtain 

LRT=-'-^gJ',R,kle'Ae^Ae'' 

- i 9^p {Rjkl + {ay 5g (^0, Rpkl + 90k RjpD) e' A A 
Then ^{Lrt) , in the adapted base (15. ip . has the coordinate expression 
KLHr) = -'-ifg''6'oRpple^AeoAel 

- ^ {9'' 9'" R„l + 9'' Rpvo + 9'' 9'' K Rppo) e° A A e° . 
The identity g^^ = 5^ implies 

g'^ 5^ Rp,i = g'^ 5^ R,,i - f 5^ R,J, = g'^ 5^ R^.i 

and, similarly, 

9'^ 9'' Rp,l = 9'' {Rx,l - Si 51 R,;, - 51 51 R,,l) . 

Then, 

»(^«r) = -^r^Si?P^e°AeoAe° 

- ^ {9'' iRx,o - S'o Rp,l - 51 5^0 Rxpo) 
+ 5^ R,,l + g'' g^' 5', R,;,) e° A e? A e° 

- ~~;^9 5q Rpxo A Co A - -^rj^ 9' 9 Rx^^o A Cj A e^. . 

Then, L^r = if and only if ^{Lrt) = 0, i.e., if and only if (I5.29P and (I5.3ip are 
satisfied. 

Further, let us consider a scaled vector field X G sec(-E,L~^ (g) TE) . Then, ^^-{X) G 
sec{diE,T (g) L"^ (g VdiE) C sec{3iE,VrdiE) and there exists a unique 1-form u G 
sec(0i£;, V*diE) such that Ur{X) = A^{uj) . In the adapted base ([5ll]) 

MX) = ^ X^e° = ^ g^^u.e^ = A^u) . 
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Next, let us refer to the coordinate expression 15 . 1 71 of Ly^i^x) Lr t . Then, in the adapted 
base (15.21) . we obtain 

LaHu) LrT = 5g [dpia^Qpj) + d^{a^gjgTpl) 



- ^ [d,{a'g,k) + dl{a'g,,T,l) + {a'f goX{dp{a' g,u) 
+ TpD) + m 5g g,, V.l))] ^ ^^ A . 

Then ''(//Att(a;) -^r t) has the coordinate expression, in the adapted base (15.11) . 

- ds{a^ gpp) - dp{a'^ ggp TsD] uji cq A e] 
- rg'-g'' [dl{a'ggsTrl) + {a'fhsKdl{a'gg,Trl)) 



^1 



Then Ly^(x) Lr r = if and only if Las (a;) Lr r = , i.e., if and only if the equalities ( 15.281) 
and (15.30p are satisfied. □ 

We can summarize the main results of the previous two sections as follows. 

5.32. Theorem. The following assertions are equivalent. 

(1) L^^(x) Lr r = , VX e sec(^;, TE) , andLRT = 0. 

(2) dQ = 0, i.e. {—c^t, Q) is a (scaled) almost-cosymplectic-contact structure. 

(3) [-^ 7, A] = ^ 7AA«(L^r)) an^i [A, A] = 2 7 A (A« ® Att)(cir)) , z.e. (-^ 7, A) 

a (scaled) almost-coPoisson-Jacobi structure along with the fundamental 1-form —(? r . 

Moreover, the almost-cosymplectic- contact 'pair [—(? r, 1)) and the almost-coPoisson- 
Jacobi 3-plet (— ^ 7, A, — c^r) are mutually dual. □ 

5.5. Contact structure. Next, we analyse the conditions by which the pair (— r , Q) 
is a contact pair, i.e. Q = —(? dr . As a, direct consequence of Theorem 15. 191 we obtain that 
if Lr r = , then the pair (— t , f^) is a scaled almost-cosymplectic-contact structure. 
Indeed, the condition Lr r = implies L^^^x) Lr r = and L^ r = , because of r = 
— L[r,r] r = — 2 Lr Lr r . Hence, by Theorem 15.191 if Lrr = , then the pair (— r , ^2) is 
a scaled almost-cosymplectic-contact structure. But, in this case we can prove more. 

5.33. Lemma. We have 

dil = dLr T . 
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Proof. We have 



□ 



+ 9°(9A(a°^0M) + V^^d^a^g^^)) dl A d^ A d>^ 
= -i [d,{a'^gj,Txi)d''Ad^Ad'' 

+ (dxia^g^^) + 90(aO^,^rA^o)) ^^o A rf' A 
Hence, we obtain the Lemma by comparing the above equahty with (15. 7p 

5.34. Corollary. The difference Q — L-pT is an exact form. More precisely, we have 

— Lr r = — dr . 

Proof. We have 

- Lr r = c a° g^^ (4 - Ta^ d^) A d'' + c (9A(a° go^) + a° Ta^]) d^ A d'' 
= c (a° gi^ dlAd^ + dxia' g^^) d^ A d^) 

= c ^om) c^o a rf'' + 9A(a° ^o^.) d^ A d") = -c^ dr . □ 

5.35. Theorem. The pair (— r, fi) is a scaled contact structure if and only if L^t = 
0. □ 

5.6. Jacobi structure. Next, we analyse conditions for the pair (— ^ 7, A) to be a scaled 
Jacobi structure. 

5.36. Lemma. We have the coordinate expression 

(5.32) jAA = 5^g''^dxAd^Ad^ + {5o 9'" " H 9'^) Tpo A 9° A 9° 

+ ^S^'^r^r49°A9°Aa° 

and, in the adapted base fl5.1l) . 

(5.33) 7 A A = g'^ eo A A e° . 

Proof. It follows from the coordinate expressions 

7 = ca°5^(9A + rA'o9°) = ca°eo 

and 



A = ^^^'"(aA + rA^ar)A9^ 



ca 



g'^Ci A . 



□ 



5.37. Lemma. In the adapted base (15. ip we have the coordinate expression 



(5.34) 



[A, A] 



7 A A = - [t' (r/o - ^oA dpg^^) eo A A e° 



+ [g^'g^P[\d,g,Q + g^,T 



po) 
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Proof. It follows from and f05]) . □ 

5.38. Lemma. L^t = if and only if the identities 

(5.35) I g^f" dpgoo + 5g (^oa d^g^^ - Tpi) = , 

(5.36) g'P {gox d,g^' - T,i) - g^^ {gox d,g'' - T^) = . 
are satisfied. 

Proof. In the adapted base (15.11) we have 

«(Lrr) = ^ (I g'" d,g,, + 5g (^oa d,g^^ - r/J) e, A e] 

+ ^ r {hx d,g^' - r/o) e° A e° . 

Then, Lr r = if and only if "(Lpr) = , i.e. if and only if the identities (15.351) and (15.361) 
are satisfied. □ 

5.39. Lemma. The pair (—^7, A) is a scaled Jacobi structure if and only if the iden- 
tities (15.351) and (I5.36P are satisfied. 

Proof. The pair (—^7, A) is a scaled Jacobi structure if and only if [— ^ 7, A] = and 
[A, A] = ^ 7 A A . According to the coordinate expressions in Lemmas 15.231 and 15.371 
these conditions are satisfied if and only if the identities (15.281) - (15.311) . (I5.35P and (15.361) 
are satisfied. But, we can prove that the identities (I5.35P and (I5.36P imply the identities 
(^M> - <^M- 

First, let us prove that the identities (I5.35P and (I5.36P imply the identities (15.291) and 
(I5.3ip . But it follows from the fact that the identities (I5.35P and (15.361) are satisfied if and 
only if Lp r = . But, in this case L^ t = — L[r,r] t = —2 Lp r = , which is equivalent 
to the identities (ICTj) and flOT]) . 

Next, let us recall the identities ^'^5^ = g'^'^ — g^^S^ , g^^ gpx = S\ — g^^ gox and g'^^ = 
(a)^ {gopg^'^ — 5q) . Hence, if we apply the operator g^^d^ on the left hand side of the 
identity (15.351) and we suppose that the identities (15.350 and (I5.36P are satisfied, then we 
obtain 

= - 1 g^P d.goo + g'' g'" dpgor, + {g'" 5P gox + 9'' 5^ 9px) d,g^^ 

- g'P 5; r/o - g^^ gox 5g d^g^' - g'^ 5g 9jr/o 

= - I 9'' 9'' d.goo - g'' gov K d,g'' - g^^ g'' d.goo + g'" d,g'' - g'^ gox 5g d.g'^' 

- g'P 5g 9°r,^o + {9^^ gox - 2 ^ K 9ox + S\ 5g) d,g^' - - ^ K) Tp'o 

= - I 9^' 9'' dpcjoo - g'' r d.goo - 9ox d,g'^ - ^ d^g^') - g'^ gox 5^ d,g'^ 

- 2 r K gox dp9'^ + K ( ^i9'' + r Tp^o " <^<,) ' f ^ ^0 

= - {ay g^^ 5g (i 9,^00 + 9op T,l) + S'o ( d,g'^ ' ' 9^" dl^f^,) ' 9^' . 
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Hence, the identities fl5.35p and (15.361) imply the identity f l5.28l) . 

Finally, we apply the same method on the left hand side of the identity (15.361) and 
obtain 

= - g'' d"' (^oA d.g^^ - r/o) + {r 9px d,g^' - g'^ gox d,g'' - ^ ^Jr/^) 
+ g'' g'" {gox d,f' - r,',) - g^" {r g,x d,f' - g'' gox d,g'' - g^P d'^T,',) 

= g'' g'' ig'^ d.gox + r,i) + {d,g'^ + g^^ g'' d/gox - g'" dlT^,) 

- g'' g'' {t^ d/gox + r,S) - g^" {d,t + 1 g'' d/gox - g'' dlv,l) 

-g'' if'goxd/g^'-g^'goxd.g'') 

= it g'' g'' + g'' g'' g'n d/gox + 1 g'" + {d,r^ - r Tp^o - r ^Jr.^o) 

- iSi' g'' g'' + g'' g'' g'') d/gox - g'' g'' - g^^ {d,g'' - ^ TpS - r dlT,l) 

= g""' (^^' g'^ - g'' g'') d,g,x - g'' (g'" - g'' t') dM + g'" {g'^ - g^^ r,S) 



+ f {d,r' - r Tp^o - 9'' dlT,l) - g^" {8,^ - ^ TpS - g''' d^T ,1) 
= {ay 0', - g,, g^') {g'' g^^ - g'^ d/gox 

- {ay (5g - 90, gn {gox {g'' d,f' - d,g^^) + 1 - g'^ r,^) 

+ g'" {d,r - r Tp^o - r 5jr/o) - g'' {d,g'' - r r,^- - g^^ 9jr,S) 

= {ay {g^' g^P - g'^ f^) d.goo - {ay go, gox {g'' - g'' dpcf^ 

- {ay % - go, F") {gox {it' d,f^ - d,g^^) + cf"^ V - g'^ r,^) 

+ f {dp^ - r Tp^o - r 5;r/o) - g^" {d^g^' - r Tp', - r dlV^D 

= {ay{tg''-g''fndpgoo 

- {ay K {g'' (gox dpf - r,o') - g^' {gox d^g^' - Tpi)) 

+ {ay gop {g'' {g'" hx d^g^' - g^^ gox d/g'') - g'' {t' gox d/g^' - g^" gox d^t^)) 
+ {dpg'' - r Tp^o - g'' ^Jr/o) - g^P {dpg'" - ^ ^ pi - ^ d^T ^1) 

= + {ay {g'' g^" - g'^ g'") d^goo + \ {ay {g'^ - g"" g'') d^goo 

+ {ay gop {g'" {g'" - g^^ r/o) - g'^ {t' - g^^ r,^')) 

+ {dpg'' - r Tp^o - g'" ^Jr/o) - g'' {dpt - r - g'" dl^pl) 

= {ay {g'' g^" - if^ f^) {\ d.goo + go, Tp^) 

+ g'" {dp^ - r Tp^o - g'" 5jr/o) - g'' {dpg'' - g'' ^pI - r dlv,l) . 

So, the identities (15.351) and (15.361) imply the identity (15. 30 p . □ 
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5.40. Theorem. The pair (— ^ 7, A) is a scaled Jacobi structure if and only if 

LrT = 0. 

Proof. 1st proof. By Theorem II. II the structure (— r, Q) is a scaled contact structure if 
and only if the dual structure (— ^ 7? A) is a scaled Jacobi structure. But, according to 
Theorem I5.35[ (— r, Q) is a scaled contact structure if and only if r = . 

2nd proof. By Lemma 15.391 (— ^ 7? A.) is a scaled Jacobi structute if and only if the 
identities fl5.35l) and (15.361) are satisfied but, by Lemma 15. 38| it is equivalent with L^t = 
0. □ 

We can summarize the above results as follows. 

5.41. Theorem. The following assertions are equivalent. 

(1) Lrr = 0. 

(2) Q = — (ir , i.e. (— r, fi) is a (scaled) contact structure. 

(3) [— ^ 7, A] = and [A, A] = ^ 7 A A, i.e. (— ^ 7)A) is a (scaled regular) Jacobi 
structure. 

Moreover, the contact structure (— c^r, f2) and the Jacobi structure (— ^ 7? A) are mu- 
tually dual. □ 

6. Contact and Jacobi structures: linear case 

Next, we specialise the results of the previous section concerning the contact and 
Jacobi structures, by considering the phase connection F = x{K) induced by a lin- 
ear spacetime connection K . Thus, in this section, we refer to the induced objects 
n = n[g, K] = n[g, xm , a = A[g, K] = A[g, x{K)] , 7 = l[K] = 7[x(^)] • 

6.1. Covariant derivatives and the adapted base. We start with some technical 
formulas concerning the covariant derivatives V with respect to the connection K of the 
metric in the orthogonal adapted bases (60,61) and (/9°,/3*) . 

6.1. Lemma. We have 



Va^"'^ 
Va^ 



( Va^) (60, d^) = VxQvp, = dxgof, + Qp^, K/^r Sq + gop Kx% , 
( Va^) {hi, d^) = Vx9^t. + ("°)' ^0. Va^o/. 
(Va^) = -{a'f g,, [d^g"^^ - g'^ Kx% - g"" K\%) , 
( Va^) = 61 Vxg"'' = dxg'^ - 51 g"^ Kx% - g" Kx% . 

Moreover, we have the identities 

Vxf^ = -f^ Vx9i^ , ^xg'^ = -9'^ ^xhp ■ 

Proof. We have 
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Then, we obtain 

iyx9){h^.d,)=5-^V^g,^ and iyxg){h.d,) = {5^ + {oPf g^.r5'^)V ^g., ■ 
Analogously, we have 

Va^ = Vxg""^ d,^d, = Wxg"'' {SI k - {oPfhu bo) ® d, . 
Then, we obtain 

VxgiP', = -{ay go, V xg"^ and V xg{f3\ = K V^g"" • 

6.2. Lemma. We have 

Va^oo =:(VA^7)(fco,&o) = -Vxia'r^ = dxgoo + 2gopKx''aS^o, 
VAfi-io =: ( VaS-) {bi, bo) = Vxgoi + goi Va^oo , 

VA5'ii =: (VaS-) (bi, bj) = Vxgij + («°)^ (^oi Va^oj + goj ^ xgoi) + goi 9oj VaS-oo 

Va^°° =: (Va^)(/5°,/3°) = -Vxi^y = {oPYgougo.Vxg"' 

= {oPf {go. go, dxg""' - 2 go. Kx%) , 
Va^ =: iyxgW.f^') = -(«°)'^o^ Va^ = -(«°)' (^o^.^A^^'^ - {6',6i + r9o.Kx 
Vxg'' =■■ ( Va^) iP\ P') = 61 6', Vxg"" = dxg'' - (g^^ 6^ + g'^ 5i) Kx% . 

Proof. We have 
Va^ = Va^?.^^'^®^ 

= ^xgu, ih + (^r + ("°)' 9o^ s'o) P') ® + (5; + («°)' P') 

= "^xgu, [5o ® /3° + 5^ (5; + («°)' goj 5'o) /5° ® /^'' 

+ (5r + («°)' ^0. ^0^) ® + + {cPf go. (^^ + {a'f goj 5^)) ® f: 
Then, we obtain 

Va(7(&o,M =^o'^oVa^7.^, 

"^xgik, b,) = (5,r 5^ + {ay go. 5^ 5^) Va^?.;. , 

Va^7(6., = (5,r 5; + (^0. 5; + ^0, 5^ ^r) + {ay go. goj S^o ^0) VA^?.^ • 
Analogously, we have 

Vxg = Vxg'"'d,0d^ 

= Wxg"^ {SI h - {oPf gou bo) ® {5i b, - {ay go, bo) 
= Vxg"^ [51 Si bi ® b, - {ay {gou 5^ bo ® b, + go, SI h ® bo) 
+ {ay gou go, bo ® bo] ■ 

Then, we obtain 

Va^(/3°,/3°) = {aygo^go^yxg"", Vxg{P\/3') = -{aygoJlVxg"", 
Vxm,(3^) = SiK^xg'''. 
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6.3. Lemma. We have the following coordinate expressions 

(6.1) dKg = 2 ( Va^om - ^o. K^\) (d^ A rf^) ® 

(6.2) g(g)dKg = 2 goo ( Va^o^ - goa i^A%) id"" A rf'^) ® (/3° ® /?° ® /5°) 

+ 2 g,, (Va^om - ^0. i^A%) {d^ A #) ® (/?' ® /?^^ ® /?°) 

+ 2 ^00 [VAfi-i^ - fi-ia ^a'^m + ("°)^ ^Oi (Va^Om - 90a Kx'',^)] 

{d^ A rf^) ® (/3° ® /?° ® 

+ 2 [VAfi-fc^ - gka A'a"^ + («°)^ ^Ofc (Va^Oa. - ^Oa ^A^A.)] 

(rf^ A rf^) ® (/?' ® ® Z^'^) . 

Proof. We have 

= 2 {Vxg,^ - g,p Kx\) (d^ A #) ® rf'' 

= 2 ( Va^om - ^0. /^a\) {d^ A rf^) ® /5° 
+ 2 [Va^7.^ - Kx% + (a°)' ^0. (Va^o^ " goa Kx%)] {d^ A #) ® . 
We can write 

g = gx>. d^®d^ = goo ® + ® , 

hence 

g®dKg = 2 g,„ (Va^^^ - gu^r Kx'"^) {d^ A rf^) ® (rf" ® rf" ® rf") 

= 2 ^00 ( Va^o^ - goa Kx\) {d^ A #) ® (/3° ® /3° ® P') 
+ 2 (Va^om - 90. Kx\) {d^ A #) ® (/?* ® /?^' ® /3°) 
+ 2 ^00 [^xgi^. - g^a Kx\ + {ay goi (Va^om - ^Oa Kx\)\ 

{d^ A rf^) ® (/3° (g) ® 
+ 2 gij [s7xgk^, - gka Kx^f, + (a°)^ ^ofc ( Va^o^. - goa Kx^f,)] 

{d^ A c/^) ® (/?* ® ® p'') . 

6.4. Lemma. For each X,Y & sec{E, TE) , we have 

dKg{X,Y){A) =2{fl:Lf^~g'){X,Y) , 
where =: id ®g^ : T* ® T^; ^ T* ® (L^ ® T*E) . 
Proof. The claim follows from the coordinate expressions 

dKg{X, Y){ji) = ca' {dxg^, + g^^ Kx% - d^gxp - gxa K^%) I'o X^ , 
A*Lji ~g' = ca' {dxg^p + g^^a Kx%) ^(J d^^d^. 
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6.5. Lemma, jf Ty is a horizontal 2-form and, for each X, F G sec{E, TE) , we have 

/l*T||(X,r) = ^ {gUY){Vx9)iA,A)-giA,X){VY9)iA,A)) • 
Proof. The coordinate expression of /I* Ty from Proposition 14 . 1 1 1 can be rewritten as 

Then, we obtain 

A* T|| (X, Y) = ^c {ay (^omVa^oo - ^oaV^^oo) 

= {giA,Y)iVx9)iA,A) - 9ia,X)iWY9)iA,A)) ■ ^ 

6.6. Lemma. We have the coordinate expressions 

(6.3) L^^K) T = — {V^gox - 9op K/x + | ^oa V^^oo) A , 

(6.4) L^[^(^)]r = gxpR[K]^/.hd^^d''Ad\ 

I 

(6.5) L^^(^x) L^(K) ^ = [V^s-iA - 9ip K/x 

+ ("°)^ (^Oi (V^,^oA - ^Op K/x) + 9ox "^iigoi + I ^iA V^^oo) 
+ («T^o.^oA V^^oo] X'd^Adr 

Proof. The above equahties follow from 05.141) . (15.151) and (I5.16p . by taking into account 
the^equality T = x{K) and the identities gp^, 51 = g^^, - gof, 5° , gop 5^ = g^y - goo 5° , and 
9ip h = 9iv □ 

6.7. Lemma. For each X, y G sec(£', TE) , we have 

L^(x)r(X,y) = i {A*L^t){X,Y) - l;i*T||(X,y) 

= dKg{X,Y){jx) + -i^ (^7(/i,X) (Vy(?)(^,^) - g{A.Y) {Vx9){a.a)) ■ 

/c"' 4 c* 

Proof. It follows from the coordinate expressions (16. ip . (16.30 and Lemmas 16. 41 and 16.51 □ 

6.8. Lemma. L^(^k) t = if and only if, for each X, y G sec(-E, TE) , 

(6.6) g{bo, bo) dKg{X, Y){bo) + i g{bo, X) (Vy^?)(6o, &o) - i ^?(&o, Y) {Vx9) (&o, &o) = . 
Proof. In virtue of the above Lemma 16.71 we have L^i^k) t = if and only if 

-J^dK9{X,Y){p) + ^ {g{A,X) {Vy9){a.a)-9{a.Y) {V x9){a. a)) = ^ . 
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Moreover, by multiplying the above equality by 2 and by taking into account the fact 
that g{A, a) = —c^ , the above equality is equivalent to 

g{A. A) dKg{X, Y){a) + \ {g{R. X) (Vy^7)U r) - gU Y) {Vxg){A, A}) = , 

and, by recalling the coordinate expression ji, = ca^bo , we obtain fl6.6l) . □ 

6.9. Lemma, -^^x(^) ^ = implies 

(6.7) gibo, bo) dKg{X, Y){b{) + 2 g{bo. h) dKg{X, Y){bo) 

+ g{bo,X) {Vyg){bo,bi) - g{bo,Y) {V xg){boA) 

+ \ g{h, X) (Vyg) {bo, bo) - \ g{h, Y) (Vxg) {bo, 6o) = , 

(6.8) 2 g{b,, b^) dKgiX, Y){bo) + 2 g{bo, h) dKg{X, Y){b,) + 2 g{bo, b,) dKg{X, Y){bi) 

+ g{h,X) {VYg){bo,b,)+g{bj,X) (Vy(?)(6o, &.) 
-g{h,Y) {Vxg){bo,b,)-g{bj,Y) {Vxg){boM) 
+ gibo, X) {WYg){h, bj) - gibo, Y) {Vx9){h, b,) = , 

(6.9) 2g{bi, bj) dKg{X, Y){bk) + 2g{bk, h) dKg{X, Y){bj) + 2g{bk, bj) dKg{X, Y){h) 

+ g{h,X) {Vyg){bk,b.j)+g{b.j,X) {Vyg){bk,h,) 
- g{b,, Y) {Vx9){bk, b,) - g{b„ Y) {Vx9){bk, h) 
+ g{bk,X) {VYg){k,b,) - g{b,,Y) {Vxg){k,b,) = 0. 

Proof. L^(^K-)T = implies L^^j-^^ L^(i^) r = , for each Z G sec{E,TE) and for each 
integer r > 1. Moreover, LJ^^j^^^ L^(i^) r is a horizontal 2-form and, for each, X,Y & 
sec{E,TE) , we have (L^^f^^^ L^(^x) 't){X,Y) = h'T-{Zy'.L^(^j^^T{X,Y) . Let us denote the 
left hand side of §M) by k{X, Y) . 
Then, from Lemma [6. 7[ 

v^{ZY.L^^K)r{X,Y) = ^ uAZ)^.{icayKiX,Y)) 

r 

= I Y.(^AZ)-'.{ay) MZ)\K{X, Y)) . 

Now, L^i^K) T = and Lemma [6.71 imply Ut-{Z)^ .K{X, Y) = , k = 1, . . . ,r . 
For k = 1 , we have 

MZ).K{X,Y) = Z^dlK{X,Y) 

= ^ Z' [gibo, bo) djMX, Y)id,) + 2 gibo, d,) dKgiX, Y)ibo) 
c ex 

+ gibo, X) iVYg)ibo, d.) - gibo, Y) (Vx^7)(&o, d,) 
+ \ gidi, X) iVyg) ibo, bo) - \ gid,, Y) {Vxg) (&o, bo)] 

= [gibo, bo) dKgiX, Y)ik) + 2 gibo, k) dKgiX, F)(6o) 
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+ g{bo, X) {Vyg) {bo, h) -g{bo, Y) (Vxg) {bo, h) 
+ \g{h,X) iyyg){bo,bo) ~\g{h,Y) iy xg){bo,bo) 
-?,{a'^fgo,K{X,Y)\ 

which vanishes if and only if (16.71) is satisfied. 

Similarly, the condition v^[ZY .K{X,Y) = implies (16.81) and finally the condition 
u^{Zy^.K{X, Y) = implies Ig^- D 

6.10. Theorem. L^(^k)'t = «/ and only if the following condition hold, for each 
X,Y,Z e sec{E, TE) , 

(6.10) g{Z, Z) dKg{X, Y){Z) + \ g{Z, Y) {Vxg){Z, Z) - \ g{Z, X) (Vy(?)(Z, Z) = . 

Proof. In virtue of Lemma 16.71 the condition (16.101) implies L^(^k) t = . 

On the other hand, in an orthogonal adapted base, we have the coordinate expression 
Z = Z^ bo + Z^ bi . If Ly^(^K) T = , then, by linearity and in virtue of the above Lemmas 
16.81 and l6.9t the condition (I6.10p is satisfied. □ 

6.11. Corollary. If additionally is a torsion free linear spacetime connection such 
that Vf? and g ® Vg are symmetric, then L^(^k) t = . 

Proof. For a torsion free connection K the symmetry of S/g is equivalent to dx g = ■ 
Then, the conditions Vg and g ® Vg being symmetric imply (16.101) and this is equivalent 
to L^(x) r = . □ 

6.2. Almost-cosymplectic— contact structure. Let us analyze conditions for (— t, Q) 
to be a scaled almost-cosymplectic-contact structure. 

6.12. Lemma. We have the coordinate expression 

(6.11) c/fi = -ca°[(a°)^^oi^OM Va^oo 

+ (i 9if^ Va^oo + 90fi ^\9ot + 9oi (Va^om " 9op Kx%)) 
+ Vx9;, - g^p K/^] {dl - 5i K/^ 5^ dn A A # 
+ i c R[K]f3x'a k d^Ad^Adr 

Proof. The identity gp^ = g^ii and (15.71) yield 

dn = -c (dxia'g,^) + 9°(a° g^^ 51 5g)) d}, A d' A # 
- c dp (a° gp, 51 Kx% 5g) d'^Ad^A d^ 

= -ca° [| (a°)^ goi go^ Vxgoo + ^x9i^L - 9ip Kx% 

+ {oPf {\ 9ip Va^oo + gof. ^xQoi + go^ (Va^om - 9op Kx%))] 4 Ad^Ad" 

= -c a° [I {ay go, go. Kx% 5'o V/3^oo + {oPf {\ g,, Kx% 5'o ^ i9m 

+ gou Kx^p 5[J {Vpgof, - gor Kf/,) + go^, Kx" p 5^ {V pgou - gru Kp"^ 51) 
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+ H {^P9pu - 9ru Kp\) - \ g^, 6', R[K]^x%] A d"^ A □ 

6.13. Theorem. The pair (— r, ^2) is a scaled almost-cosymplectic- contact structure 
if and only if 

(6.12) L^(A^) r = , esec{E,TE), and Lr[^(k)] r = . 

Proof. It foUows immediately from Theorem 15. 191 by considering F = x{K) ■ 

Eventually, we can prove directly Theorem by comparing the coordinate expression 
(I61T]) with (EH) and (E3]). □ 

6.3. Almost— coPoisson—Jacobi structure. Let us analyze conditions for (— ^ 7? A) 
to be a scaled contact structure. 

6.14. Lemma. We have the coordinate expression 

(6.13) [7, A] = [ - ^ («°)'^o. {g'^t" + g''t^) V.goo + {g'^'S^o - ^'"^o) 

+ 5g V,^^'^ + i ig'^ g^' + g'' g^^ W.goo] (dx + 61 5^ Kx\ 9°) A 9j 

and, in the adapted base fl5.il] . 

(6.14) [7, A] = -{ay [i g^''iV,goo-2go/5^,Kp\) 

+ goxHi^pg'' + g"'Kp\)] eoAeJ 

- [i («°)'r5gV,^oo + ^^''5t^o 

- 5^ (V,^^'^ + 5t g'" + 5^ K^\)] e, A 
-^^■^5i.5^5^i?[ir]Ap'^.e°Ae5. 

Proof. From Lemma [5.201 and the identity (a°)^^oo = — 1 we get 

[7, A] = ( - (ay {g^' 5g + g^^ 5^) (i d.goo + ^op K A'p'^.) 

+ 5g d/g^' - g'' 5^ 5i 5^ - ^^-^ 5^ A',^ 5^ + ^^'^ 5g A,". 5^ 
- 5g 5iA/. 5;) (9a + 616^, KYp 9°) A 9° 
+ g^^6l6f6",R[Kl,\d^Ad'j 

= [-l(a'ng^'S^, + g^^^)V,goo 

+ 5g V,g^' + (^^-^ 5g - g^^ 6^o) Kp'.] (dx + K 5^ A^^ 9°) A 9° 
+ ^^'^5j.5g5^A[A]AA9°A9°. 

Finally, we obtain (I6.13P by using the identity = ^ofe g'^'^ ~ 5'°'' • D 
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6.15. Lemma. In the adapted base (15. ip we have the coordinate expression 

1 1 u 1 (n^)^ - - - 

(6.15) [__ ^, A] _ _ ^ A A\L, r) = - cf^ 5g V^^oo + 9^' 5^ 

6.16. Lemma. In the adapted base (15. ip we have the coordinate expression 

(6.16) [A,A] - 27 A (A« ® A»)(dr) = 

= I [(i gOP v^^oo + ^ iVpg'' + 5t 9^"" Kp\ + 5^ Kp\)) e. A A e° 

+ ^^■'^ 5t 5^ i?[i^]p.^. e° A A e°] . □ 

6.17. Theorem. The pair {—-kli A) a scaled almost-coPoisson-Jacohi pair if and 
only if the conditions (16.120 are satisfied. 

Proof. It follows immediately from Theorem 15.311 by considering F = x{K) . 

Eventually, we can prove directly Theorem by comparing the coordinate expressions 
f|gJ[^ and flBT^ with 

«(L«[r] r) = 51 51 5^ R,^\ e° A eo A e° - g^^ 5^ 5^ R^,\ e° A e] A e° 

and 

«(La,(^) L^^k) r) = [I {ay r 51 V.^oo + g'" 5^ 5^, K;, 

- 5g {Vp^ + 51 g^'' Kp\ + r h Kp\)\ eo A e° 

- 9'' {Vpg''' + 51 T Kp\ + r 51 V-)] ^^ A e° . 
Then, (— ^ 7?^) is a scaled almost-coPoisson-Jacobi structure if and only if 

«(La«(^) Lr r) = , for each u e sec(ai£;, K;ai^^) , and »(L^[r] r) = , 
i.e. if and only if L^^(^x) Lrr = , ioi each X G sec(-E, TdiE) , and //_R[r] r = . □ 
We can summarize the above results as follows. 

6.18. Theorem. The following assertions are equivalent. 

(1) Ltj^i^x) Lx{K) T = , for each X G sec(£^, TE) , and Lri^(^k)] t = . 

(2) = , i.e. the pair {—c'^t, Q) is a scaled almost-cosymplectic-contact pair; 

(3) [-^ 7,A] = ^7 AA«(L^r), [A,A] = 27 A (A« ® A«)(c/r) , z.e. the pair (-^7, A) 
is a scaled almost-coPoisson-Jacobi pair. □ 
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6.4. Contact structure. Let us analyse conditions for Q) to be a scaled contact 

structure. 

6.19. Theorem. Q = —c^dr, i.e. the pair (— c^r, Q) is a scaled contact structure, if 
and only if the identity (16.101) is satisfied. 

Proof. It follows immediately from Theorems 15.351 and 16.101 □ 

6.20. Corollary. In the particular case when K is torsion free and the tensors Vg and 
g ® Vg are symmetric, the pair (— r, Q) is a scaled contact structure. 

Proof. This follows from Theorem 15.351 Corollary 16.111 and Theorem 16.101 □ 

Let us recall that, by Theorem 14 . 1 2 1 and Proposition I4.11[ 
(6.17) Q[g, K] = A*f^ = A*r-A* T|| . 

Then, we have the following result. 

6.21. Lemma, 
if and only if 

gU X) VygU A) = g{A, Y) VxgU a) , VX, F G sec{E, TE) . 
Proof. The coordinate expression of a^ Ty can be rewritten as 

^*T|| = ic(a°f^OMVA^ooC?'Aci^ 
Then, = ^* T if and only if ^* Ty = , i.e., if and only if 

go^i Va^oo - ^OA V^goQ = , 

which is equivalent to 

g{A, X) VygiA, a) = gin, Y) Vxg{A, a) • □ 

6.22. Remark. By Lemma [6.71 Theorems 16.101 and 16.191 the two conditions 

dxg = , 

g{A, X) VygiA, A) = gU Y) Vxg{A, A) 

imply that (— r, Vt) is a scaled contact pair. But this fact can be viewed also as a 
consequence of Lemma 16.211 and Theorem 13.61 by considering the fact that dxg = is 
equivalent to T = dg^ , where g' = id '^g'^ is the Liouville 1-form on TE , and jfdc}' = 
-c^T. a 

6.23. Corollary. We have 

A*f-A*f^\ = -c' {dr + Lrr). 
Proof. It follows from (16.171) and Corollary 15. 34[ □ 
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6.5. Jacobi structure. Let us analyse conditions for (— ^ 7, A) to define a scaled Jacobi 
structure. 

6.24. Lemma. We have the coordinate expression 

(6.18) [A,A]-|7AA = ^ [Wt^V.g,^ 

and, in the adapted base (15.11) . we have the coordinate expression 

(6.19) [A, A]-|7 A A = I Wg^'f^V^g^^ - f^g,^ {V ^g^^ + g^" K,\) 

+ (^P^^' + ^p''^ + ^0 K,\)\ e, A e° A e° 

+ ^^■'^ e° A e] A e° . 

Proo/. It follows from fICTD . flOS]) . (l5:32|) and (ICTj) . □ 

6.25. Theorem. The pair (—^7, A) is a scaled Jacobi structure if and only if the 
condition (I6.10p is satisfied. 

Proof. It follows from Theorems 15.401 and I6.10[ □ 

6.26. Corollary. In the particular case when K is torsion free and the tensors Vg and 
g ® Vg are symmetric, (— ^ 7, A) is a scaled Jacobi structure. 

Proof. It follows from Corollary 16.111 and Theorem 16.251 □ 

We can summarize the main results of the previous two sections as follows. 

6.27. Theorem. The following assertions are equivalent. 

(1) g{Z, Z) dKg{X, Y){Z) + \ g{Z, Y) {Vxg){Z, Z) - \ g{Z, X) (Vy^?) (Z, Z) = ; 

(2) = -c^c/r. I.e. the 'pair (— T, f2) is a scaled contact pair; 

(3) [— 4- 7, A] = , [A, A] = ^ 7 A A , i. e. the pair ( — ^ 7, A) is a scaled Jacobi pair. 

Proof. It follows immediately from Theorems 16.191 and 16.251 □ 

7. Metric and non-metric phase objects 

So far, we have analysed the scaled phase 2-form Q and the scaled phase 2-vector A 
associated with the metric g and a generic phase connection F . 



48 



J. JANYSKA, M. MODUGNO 



On the other hand, the metric g yields the Levi-Civita spacetime connection 
K =: K[g] , hence the distinguished metric phase connection r[g] =: x{K[g]) . Accord- 
ingly, we obtain the distinguished scaled phase 2-form Q[g] =: r[(7]] , the scaled phase 
2-vector A[g] =: A[5f,r[(7]] and the dynamical connection '~f[g] =: 7[r[(7]] . 

Then, any phase connection F and the associated scaled phase 2-form Q and scaled 
phase 2-vector A split into a metric component and an additional non-metric component. 

This splitting provides further information on our phase structures. In particular, we 
shall see the effect of an additional closed spacetime 2-form, i.e. of an electromagnetic 
field. 

7.1. Metric contact and Jacobi structures. We start by considering the metric scaled 
phase 2-form Q[g] and scaled phase 2-vector A[g] . 

7.1. Theorem. The pairs {—c^t, Q[g]) and (—^7, A[g]) are a scaled contact structure 
and a scaled Jacobi structure, respectively, which are mutually dual. 

Proof. The hypothesis Vg = and Corollary 16.201 imply that (— c^r, ^l[g]) is a contact 
structure. On the other hand, we can also prove that Q[g] = —d{c^T), by a direct 
computation in coordinates. 

Analogously, the hypothesis Vg = and Corollary 16.261 prove that (—^7, A[g]) is a 
Jacobi structure. □ 

7.2. Non— metric contact and Jacobi structures. Next, we consider any phase con- 
nection r and the induced scaled 2-form Q =: f2[5f,r] , scaled 2-vector A =: A[5f,r] and 
dynamical connection 7 =: 7[r] . 

Here, we perform a further analysis of the conditions by which the pairs (— r, Q) and 
7, A) are a scaled contact structure and a scaled Jacobi structure, respectively. 

In virtue of Theorems 15.411 and 16 . 2 71 the conditions for the contact structure and for the 
Jacobi structure coincide, for any phase connection F . For this reason, it suffices to prove 
explicitly only the conditions for the contact structure, which give the corresponding dual 
Jacobi structure, at the same time. 

7.2. Proposition. Any phase connection F can be uniquely written as 

F = F[^] + S , with E:diE^ T*E ® V3iE . 
i.e., in coordinates, as 



Correspondingly, the scaled phase 2-form and the scaled phase 2-vector A split as 



T,l = T[g],l + J:,l 



with 



Sa^ Gmap(ai-B,M). 



n[g,T] = n[g] + n''[g,j:] 



and A=: A[g,T]=A[g]+A''[g,E], 



where 



n^lg, S] =: ^ J {{ur o S) A ^) : 3iE (T* L^) ® A'^T*E , 
A"[^, S] =: g j(S A Ur) : 3iE ^ (T ® L'^) ® A^VdiE , 
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have the coordinate expressions 

S] = -c «° g,^ Sa^ rf' A and A'^[(7, S] = ^ ^^'^ T.^ 9° A 9° . 

Moreover, we have 

-c^ r A r] A Vl[g, V] A Vl[g, V] = -c'^ t A n[g] A n[g] A . □ 

7.3. Lemma. Let us define the scaled (0,2)-tensor 

S =: {g^ o : Ji^^ ^ (T* ® L^) (g) T*E (g) T*^; , 

with coordinate expression 

Indeed, we have 

= -AhS. 

Hence, the following conditions are equivalent: 

1) Q[g, T] = Q[g] ; 2) ^"[c/, S] = ; 3) S is symmetric. 

Proof. The equality ^'^[g, S] = — Alt S follows from the coordinate expressions of ^l°[g, S] 
and Alt E . Then, this equality implies the equivalence of conditions 1), 2) and 3). □ 

7.4. Lemma. The scaled 2-form r : diE ^ T O A^T*E fulfills the equality 

L^T = ^n^[g,j:] = -^ AhS. 

Proof. The equalities dr = — ^ and = imply 

Lt.t = ij^dr - dij:T = ^ is^M , 

i.e., in coordinates, 

cy^ 1 
L^r = gi^ S,^ d^Ad>^ = - Q-[g, S] . □ 

7.5. Theorem. The pairs (— r, fi) and (—^7, A) are scaled contact and Jacobi struc- 
tures if and only ifTj_ is symmetric. 

Proof. 1st Proof. In virtue of Theorem 17. 1[ we have ^[g] = —c^dr. Hence, we obtain 
Vt = —c^ dr if and only if Q'^[g, S] = , i.e., in virtue of Lemma 17.31 if and only if S is 
symmetric. 

2nd Proof. Theorem 15. 351 says that the pair (— r, f2[5f, F]) is a scaled contact structure 
if and only if r = . On the other hand, in virtue of Corollary 16. Ill we have L-p[g] r = . 
Hence, the result follows from Lemma 17. 4[ □ 

7.6. Note. Let F and F' be two phase connections. Then, we have f2[5f,F] = r2[5f,F'] , 
respectively A[(yf,F] = A[(7,F'] , if and only if the difference tensor S =: F — F' : 3iE — >■ 
T*E (g) VdiE is such that S =: g^{^) is symmetric. 

Thus, the relations Q[g, F] = fl[g, F'] , respectively A[g, F] = A[g, T'] , define an equiva- 
lence relation on the space of phase connections. 
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We are mainly interested in the phase connections which are equivalent to r[g] , because 
they yield an exact phase 2-form Q . □ 

7.7. Example. Let us consider the vertical valued 1-form 

2 

C Til 

h 

with coordinate expression 

Then, we obtain the symmetric scaled (0,2)-tensor 



- h 

with coordinate expression 



: 3iE (T* ® L^) ® T*E ® T*E , 



1 2 

and the vanishing scaled phase 2-form and 2-vector 

S] : 3xE (T* O L^) ® A^T*^; , 
A"[^, S] : 8iE ^ (T ® L-2) ® A^TE , 
with coordinate expressions 

2 2 
P 777 ^ 777 

Thus, in virtue of Theorem 17. 5[ the induced pairs (— r, f2[5f,r]) and (— ^ 7, A[5f, F]) 
turn out to be scaled contact and Jacobi structures, respectively. □ 

7.8. Lemma. Let us consider a scaled (0,3)-tensor 

(t): E -^V ® {T*E ® T*E ® T*E) 
and the induced linear spacetime vertical valued 1-form 

$ =: $[^, 0] =: (v o g^^){(f)) : TE T*E ® VTE , 
with coordinate expression 

^ = g'"'(pxp^x^d''(S)d,. 

Then, we obtain the linear spacetime connection K =: K[g, 0] =: K[g] + $ , hence the 
phase connection F =: F[(yf,0] =: x{^) ; which splits as F = T[g] + T,[g,(j)] , where the 
vertical valued 1-form 

s =: s[^, 0] : diE ^ r*^; ® yai£^ 

has the coordinate expression 
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Thus, we obtain the associated scaled phase 2-form and 2-vector 

n =: n[g, T] = n[g] + n^lg, S] and A =: A[^?, T] = A[g] + A'^ig, S] . 

Indeed, the pairs (— c^r, Q) and (— ^ 7, A) are scaled contact and Jacobi structures if 
and only if Lp r = L^; r = , i.e., by Theorem 16.101 if and only if the condition (16.101) is 
satisfied, i.e. if and only if, for each X,Y, Z ^ sec{E, TE) , 

g{Z, Z) y, Z) - g{Z, Z) X, Z) + g{Z, X) Z, Z) - g{Z, Y) Z, Z) = O.D 

7.3. Further examples of non— metric phase structures. Let us discuss further dis- 
tinguished examples of non-metric phase structures generated by a horizontal scaled phase 
(0,2)-tensor. In the cases when this tensor is symmetric or antisymmetric we obtain dif- 
ferent results. 

Let us start with the general case. 

7.9. Lemma. Given a scaled (0,2)-tensor 

a : 3iE (T* ® L^) ® T*E ® T*E , 
we obtain the vertical valued 1-form 

S =: =: o g^^) (a) : diE ^ T*E ^V3iE , 

with coordinate expression 

Hence, according to Proposition 17.21 we obtain the phase connection 

T=:T[g,a] =: T[g] + ^g,a] 
and the associated scaled phase 2-form and 2-vector 

n=: n[g,a] =: n[g,T] = n[g] + Q''[g,a] , 
A=:A[g,a] =: A[g,T] = A[g] + A^[g,a] . 

We have 

n°[g, a] = - Ah(7ri((T)) : 3iE (T* ® L^) O A^T*E , 

A"[(?, a] = - Alt ((z/, o gi) [y, o g^)) [a) : 3xE (T* ® L^) ® A^T*E 

(where nj_ denotes the orthogonal projection of the 2nd factor), i.e., in coordinates, 

Q'^lg, a] = -g,, g'^ a^p A # and A-[g, a] = -j^9'' cr^, -9° A 9° . 

Moreover, we define the scaled (0,2)-tensor 

[a] =: a - {a^^ (t) T : 3iE ^ {T ^IJ) ®T*E ^T^'E 
(where denotes the insertion on the 2nd factor), with coordinate expression 

Indeed, we have r = if and only if [a] is symmetric. 
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Proof. We have Lr r = Lr[g] r + L^r = L^t = (cta/. + {a^f ^o/. <y\p <^o) A df" . 

Hence, Lr r = if and only if [a] is symmetric. □ 

7.10. Theorem. The pairs (— c^r, ^[(7,0"]) and (— ^ 7, A[(7,cr]) are scaled contact and 
Jacobi structures if and only if [a] is symmetric. □ 

7.11. Example. Let us consider the scaled (0,2)-tensor 

cr =: — ^ [g + kc T ^ T) , 
with k G ma,p{3iE, M) , and the induced vertical valued form and the scaled 2-form 

Indeed, we obtain the symmetric scaled (0,2)-tensor (which does not depend on k) 

2 

W] = ^ + r ® r) 

and the scaled phase 2-form and 2-vector 

2 

c Tn 

n''[g,a] = -^g,,g'^g,,d'Ad^ 



{b^^^{ayhM9xpd^ ^d^ 



h 



h 

^1^?' ^] = a° A 9° = . 

Thus, in virtue of Theorem 17.101 and according to Example 17. 71 the pairs (— t, cr]) 
and (— ^ 7, A[(jf,(j]) are scaled contact and Jacobi structures. □ 

7.12. Lemma. Let us consider a scaled symmetric (0,2)-tensor 

^p:3iE ^ (r ® V) ® S'^T*E 
and the induced scaled symmetric (0,2)-tensor 

a =: -i (7/; - 2 J ^) r) : 3iE (T* ® L^) ® S^T*E , 
with coordinate expression 

Then, the induced vertical valued 1-form turns out to be the section 

with coordinate expression 

^ = ^ (^Ap + {a'f gox (^op + xD) d' ® 
Zi c ex 
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Indeed, the scaled (0,2)-tensor 

[a] = -l{ip -2rQ (A^i^) + {A^A^i')T (g)T) 
turns out to be symmetric. Hence, in virtue of Theorem 17.101 we have 

n-[g,a] = = A-[g,a] 

and the pairs (— r, Q[g, cr]) and (— ^ 7, A[g, a]) are scaled contact and Jacobi structures, 
respectively. □ 

7.13. Note. With reference to the above Lemma, a direct computation gives 

= -| 9it. 9'^ {i'xp + ^OA ii'op + 4 i^ip) + ^op ii^ox + 4 ^^a)) A 
= -H^', + («°)' 90, S',) {^xp + («°)' (^OA ^.p + gop i'ax) S^o) d' A # 

= -| (V^A^. + (^OA ^<7p + ^Op V^<7a) 5o + («°)^ ^Op V^Ap 5o 

+ («°)' (^OA ^op V^<xp 5^ + gop gop ^ax S'o S^)) d^ A rf^ 

= -| (^Ap + (^OA ^<7p + ^Op V^<7a) 5o + («°)^ ^Op ^Ap 5(J 

+ («°)' ^OA ^op ^.p 6^0 - («°)' ^op ^.x S^o)) d' A rf^ 
= 0. □ 

7.14. Lemma. Let us consider a scaled antisymmetric (0,2)-tensor 

: 3iE (T* ® L^) ® A^T*^; , 
and the induced scaled antisymmetric (0,2)-tensor 

a =: -l{ip-2{A^^) At) : diE (T* ® L^) ® A^T*^; , 
with coordinate expression 

^ = -| (<^Ap - 2 ^oA <^<xp 5o) A rf'^ . 
Then, the induced vertical valued 1-form turns out to be the section 

S = -|(z^rO(7«2)(<^ + r®(^j(^)), 

with coordinate expression 

s = -i ^ g'' i^xp - {ay hx V.p k) d^®d^. 

Hence, the induced scaled phase 2-form and (0,2)-vector turn out to be 

n-[g, n = \^ and A'^i^?, S] = \ Ah {{u^ o g^) ® {ur o g^)) (v^) . 
Proof. 1st proof. We have 

= \ gip g'" {vxp - {oP f {gox Vap - gop Vax) Sq) d^ A d^ 

= K'^P + («°)' ^op K) {Vxp - {ay {gox V.p - gop Vax) k) d^ A d'^ 
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- («°)' ^OA gof^Vap 5o + («°)^ 9o^. goo^ax Sq) A d>' 

= \^^^d^ ^d^ = \^, 

= -2(^^''r^Ap9°A9°. 

^nd proof. By applying Lemma 17.91 and recalling the identity /i; j r = 1 , we obtain 
l]°[^7,S] = -Alt(7rl(a)) 

= \ Ah (7ri((^-2(;ij(^) Ar)) 
= I Ah (vrKy^ + r ® (^uv^) - ® r)) 

= i Alt (v9 - (/i J v9) (g) r + r (g) (/I J + (/I, J V?) ® r 
- r (8 j(/?)r - (/I, j/i, j(/?)r (g r) = | </) , 

A"[(7, S] = - Ah ((z/. o g^) ® {y, o (^«)) (a) 

= 1 Ah(Ko^tt)®(zy,o^fl))(y,). □ 

In the above Lemmas, we have defined a by using a normalising factor ^ ; indeed, this 
factor might be chosen in an arbitrary way. Our choice is selected in such a way that, 
in the case when the source of the additional term is the electromagnetic field, the 
resulting fi"^ and A*^ be normalised as it is usually done in the standard literature. 

7.15. Theorem. Let us consider a scaled (0,2)-tensor 

= + : ai-B ^ (T* ® L^) (g) T*E ® T*E , 

where ip and are the symmetric and antisymmetric components of u , respectively, and 
the induced scaled (0,2)-tensor 

a =: -i {to - (a^uj) ® T - T (a^"^ uj)) : 3iE (T* 0T*E 0T*E , 

with coordinate expression 

o = -\ [ujxfji + {a^fgo^ {ujqx + ^^ix x^) + {a^f qqx (^^^o + ^t^i A)) d'^ ® . 

Then, the induced vertical valued 1-form turns out to he the section 

with coordinate expression 

E[^, a] = --^ {coxp - («°)' ^oA co^p S^o)) dl 
Hence, the induced scaled phase 2-form and 2-vector turn out to he 
n[g, S] = -^dT + \^ and A[^, S] = K[g] + \ Ah ((z/, o g^) ® {y, o . 
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Proof. It follows from Lemma 17.121 and Lemma I7.14[ □ 

7.16. Lemma. Let A : diE (T* ® L^) ® T*E be a scaled 1-form and F = r[^] + S 
any phase connection. Then, we have 

(-c^ T + A)A n[g, T] A n[g, T] A n[g, T] = (-c^ t + A) A n[g] A n[g] A . 

Proof. We can easily see, in coordinates, that the terms including Q'^[g, S] disappear in 
the wedge product because they are horizontal 2-forms, hence they generate horizontal 
forms of degree greater than 4. □ 

We stress that the above 7-form (— c^r + A) A Q[g] A Q[g] A Q[g] needs not to be a 
volume form. 

7.17. Lemma. Let us consider an exact scaled 2-form 

^=:2dA: diE (T* ® L^) ® A^T*E 

and the induced phase 2-form v^] =: ^[(7] + ^'^[(7, v^] . 
Then, we have 

^[g,(p] = d{-c^T + A) 
if and only if A is the pullback of a scaled spacetime 1-form A: E ^ (T* (g) L^) ®T*E . 

Proof. In fact, we have = —c^dr and 

n^'lg, 0] = -c a° g,^ T.^ c/^ A # = dxA^ d^ A d^" + d^Ax d^ A d\ 
Hence, Q'^lg, (f] = dA if and only if d^Ax = . □ 
We can summarize the above results as follows. 

7.18. Corollary. Let us consider a closed scaled spacetime 2-form 

: E ^ {T* ^V) ® A^T*E 

and the induced phase 2-form ^[(7, </3] =: Q[g] + Q°[g,(p] = Q[g] + ^ ip . 

Then, the pair (— c^r, fi[5f,(/p]) turns out to be an almost-cosymplectic-contact struc- 
ture, i.e. Q[g, p] is closed and — rAfiAfiAfiisa volume form. 

Moreover, if if = 2d A , where 

A: E ^ {T ^h^) ^T*E 

is a scaled spacetime 1-form, then the induced phase 2-form is given by Q[g, 2dA] =: + 
Q^[g,2dA] = d{-c^T + A). 

Hence, the pair (— t + A , Q[g, 2 dA]) turns out to be a contact structure if and only 
if (— T + A) A Q[g] A Q[g] A Q[g] is everywhere non vanishing. □ 

7.19. Remark. Let us consider a closed 2-form : ^ (T* ® L^) ® A'^T*E . Then, 
the dual almost-coPoisson-Jacobi pair (— ^ Md^v]) given by 

and A[g, ip] =: A[g] + A'^[g, ip] , where 

S = -l{iyrOgi^){if + T®{Ajp)) 
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and 

A'[g, S] = 1 Alt {{ur o g^) ® (z/. o g^)) ((^) . ° 

We can apply the above results to the phase structures associated with an electromag- 
netic field represented by a scaled closed 2-form F : E ^ (L^/^ ^ yf/^) (g) A^T*E . 

For this purpose, it suffices to consider a mass m G M and a charge q G i^h^^'^ i^Wl^^'^ 
and set C5 =: — F . 

' m 
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